STAT 453: Introduction to Deep Learning and Generative Models

Sebastian Raschka
http://stat.wisc.edu/~sraschka/teaching

Lecture 08

Logistic Regression
and Multi-class classification


http://stat.wisc.edu/~sraschka/teaching

Previous Lecture(s):

» Solved convergence issue of Perceptron via Adaline
» Conceptualized gradient descent via computation graphs

ADALINE

Linear Regression
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This Lecture:

« A better loss function for classification
(cross entropy instead of MSE)

- Extending neurons to multi-class classification
(multiple output notes + softmax)

J

SOFTMAX FUNCTION

Cross-Entropy

|

One-Hot True Labels

Softmax Regression - Gradient Descent
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Topics

. Logistic Regression as an Atrtificial Neuron

. Negative Log-Likelihood Loss

. Logistic Regression Learning Rule

. Logits and Cross Entropy

. Logistic Regression Code Example

. Generalizing to Multiple Classes: Softmax Regression
. OneHot Encoding and Multi-category Cross Entropy

. Softmax Regression Learning Rule

. Softmax Regression Code Example



Viewing Logistic Regression as a
Single Layer Neural Network

=N

. Logistic Regression as an Artificial Neuron
Negative Log-Likelihood Loss

Logistic Regression Learning Rule

Logits and Cross Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
OneHot Encoding and Multi-category Cross Entropy

Softmax Regression Learning Rule

© ® N o 0o &~ Db

Softmax Regression Code Example
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Logistic Regression Neuron
For binary classes v € {0,1}

"logistic sigmoid" o(2) =
14+ e=%
L1
- \,
L9 s >z:§;wixi+b—> a=o0(z) —> "output"
Wm
Lm

In ADALINE, the activation function was an identity function, o6(z) = z

1 . .
ADALINE we used MSE as loss function: MSE = — ) (al) — yl7)?

n =
i

We will use a different loss function for logistic regression



Logistic Sigmoid Function
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Logistic Regression

Given the output:

h(x) =o(w'x+b)

We compute the posterior as:

P(y|x) = «

here, the "nypothesis" is just our
activation function output

h(x) =a

(h(x) ify=1
1-h(x) ify=0

For a binary class problem (0 and 1), we want these probabilities to be:

Ply=0|x)~1 iy=0

Ply=1x)=1—-Ply=0|x) =1 ify=1




Logistic Regression's Loss Function

A

. Logistic Regression as an Artificial Neuron

Negative Log-Likelihood Loss

Logistic Regression Learning Rule

Logits and Cross Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
OneHot Encoding and Multi-category Cross Entropy

Softmax Regression Learning Rule
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Softmax Regression Code Example
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Logistic Regression

Given the output:

h(x) =o(w'x+b)

We compute the posterior as:

P(y|x) = «

here, the "nypothesis" is just our
activation function output

h(x) =a

(h(x) ify=1
1-h(x) ify=0

For a binary class problem (0 and 1), we want these probabilities to be:

Ply=0|x)~1 iy=0

Ply=1x)=1—-Ply=0|x) =1 ify=1




Logistic Regression

Given the output:

h(x) =o(w'x+b)

We compute the posterior as:

P(y|x) = 4

P(ylx) = a*(1 — )~

here, the "nypothesis" is just our
activation function output

h(x) =a

(h(x) ify=1
1-h(x) ify=0

rewrite more compactly




Logistic Regression

And for multiple training examples, we want to maximize:

Pyl .y x H P (yl)x [
by finding good/optimal parameters

You may remember this as Maximum Likelihood Estimation
from your other stats classes.

Sebastian Raschka STAT 453: Intro to Deep Learning
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Likelihood "Loss"



Log-Likelihood "Loss"

e (o

In practice, it is easier to maximize the (natural) log of this equation, which is
called the log-likelihood function:

li
1[4

[(w) = log L(w)

_ i [y log (0(2D)) + (1 — y D) log (1 — o (2D))]



Negative Log-Likelihood Loss

In practice, it is even more convenient to minimize negative log-likelihood instead of
maximizing log-likelihood:

L(w) = —(w)

. 2_: 5 log (0 (7)) + (1 - y@) log (1 — (=)

(in code, we also usually add a 1/n scaling factor for further convenience, where
n IS the number of training examples or number of examples in a minibatch)



Logistic Regression Loss

+ S0, "doing logistic regression" is similar to what we have done before in
ADALINE, we minimized the MSE loss:

1 . |
MSE = — i yliy2
- E (a' —y')

- However, the difference is that in Logistic Regression, we maximize the
likelihood

- Maximizing likelihood is the same as maximizing the log-likelihood,
but the latter is numerically more stable

» Maximizing the log-likelihood is the same as minimizing the negative
log-likelihood, which is convenient, so we don't have to change our code
and can still use gradient descent (instead of gradient ascent)



Training a Logistic Regression Model

A

. Logistic Regression as an Artificial Neuron

Negative Log-Likelihood Loss

Logistic Regression Learning Rule

Logits and Cross Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
OneHot Encoding and Multi-category Cross Entropy

Softmax Regression Learning Rule
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Softmax Regression Code Example
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Logistic Sigmoid Derivative

Generally, another nice property of the logistic sigmoid
(in multi-layer nets) is that it has nice derivatives!

1 d e ~?
— S — — ]__
o(2) = 1= 500 = o=y = 01— 0(2)
1.0 1 0.25 -
0.8 - 0.20 -
0.6 N 0.15
0.4 - S 0.10 -
0.2 0.05 -
0.0 0.00 -




Loss for a Single Training Example

=h.
=
|

~

if y = 0

L

\

0.0 0.2 0.4 0.6 0.8 1.0
o(z)

o [ N (OV) ~ Ul (o) ~
¥

L(w) =—(yPlog (5) + (1 — y?) log (1 — 5))



Learning Rule

Same gradient descent rule as before, for which we need

8_£ ~ 0Lda 0z
ow; - Oa dz ow;

0L a—y

da  a— a2

da e~

o — (1 —
dz (14 e77)? a-(1-a)
0z

==,



Learning Rule

Same gradient descent rule as before, for which we need

8_£ ~ 0Lda 0z
ow; - Oa dz ow;

0L _a—y

da  a—a? 9L 0y
., 0z

da e :a-(l—a)/

dz (14 e77)?




Learning Rule for Logistic Regression

Same gradient descent rule as for ADALINE & Linear Regression,
for which we need

oL B oL da 0z

ow;  Oa dz dw,




Learning Rule for Logistic Regression

Remember the Linear Regression & ADALINE Lectures?

Stochastic gradient descent
1. Initialize w:=0¢&€ R™, b:=0
2. For every training epoch:
A. Forevery (x!l yllly ¢ D
(a) g)[73] - J(X[i]TW 4 b)
b) Vel = _(y[’i] _ g[i])x[’i]
VL = _(y[i] _ g[i])
© w:=w+nx(-VaL)

b:=b+nx(—VpL)
pa N

learning rate T

negative gradient

Note



Class Label Predictions with Logistic Regression

L1
(&
Lo Wy > wzi+b— a=o0(z) — "output"
Wm,
Lm
In |O iStiC re ression we can use « We can think of this part as a "separate" part that
g g ? converts the neural network values into a class
1 if o(2) > 0.5 label, for example; e.g., via a threshold function
0 otherwise  Predicted class labels are not used during training

(except by the Perceptron)
WhICh IS the Same as - ADALINE, Logistic Regression, and all common
. types of multi-layer neural networks don't use
j = L it z>00 predicted class labels for optimization as a
' 0 otherwise threshold function is not smooth



Class Label Predictions with Logistic Regression

X
1 W
T2 > z=» wa;+b— a=o0(z) — "output"
w2 ;
Wm
Lm

1.0 -

In logistic regression, we can use os-

. )1 ifo(z) >05 0.6
v 0 otherwise N

which is the same as

A {1 if 2> 0.0
Yy = 0.0 -

0 otherwise



Logits and Cross Entropy

A

© o N O O &~ Db

. Logistic Regression as an Artificial Neuron

Negative Log-Likelihood Loss

Logistic Regression Learning Rule

Logits and Cross Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
OneHot Encoding and Multi-category Cross Entropy
Softmax Regression Learning Rule

Softmax Regression Code Example
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About the Term "Logits"

"Logits" is a very commonly used Deep Learning jargon;
probably inspired by the logits for logistic regression

* In deep learning, the logits are the net inputs of the the last neuron layer

» In statistics, we call the log-odds the logits
* In logistic regression, the logits are naturally w'x...

... because log-odds is just short for "logarithm of the odds": log(p/(1 - p) )

* In other words, the logits are the inverse of the logistic sigmoid function



About the Term "Logits"

"Logits" is a very commonly used Deep Learning jargon;
probably inspired by the logits for logistic regression

1.0

0.8 A

0.6 1

0.4 1

0.2 1

0.0 A




About the Term "Binary Cross Entropy"

Negative log-likelihood and binary cross entropy are equivalent

They are just formulated in different contexts

Cross entropy comes from the "information theory" (computer science)
perspective

For those who took my previous STAT451: Machine Learning class, we have
seen entropy (not-cross entropy though) in the context of decision trees (but with
log> instead of the natural log)

Ha(y)=—) (y[’i] log(al) + (1 — y) log(1 — a[z‘])) Binary Cross Entropy

1

Ha(y) = Y —y;[f] log (a,[f]) (Multi-category) Cross Entropy
for K different class labels




About the Term "Binary Cross Entropy"

Negative log-likelihood and binary cross entropy are equivalent

They are just formulated in different contexts

Cross entropy comes from the "information theory" (computer science)
perspective

For those who took my previous STAT451: Machine Learning class, we have
seen entropy (not-cross entropy though) in the context of decision trees (but with
log> instead of the natural log)

Ha(y)=—) (ym log(al) + (1 — y) log(1 — a[z‘])) Binary Cross Entropy

1

This assumes one-hot encoding where the y's are either O or

/

S: yk 10%( H) (Multi-category) Cross Entropy
=1k for K different class labels

3
2

i

1



Logistic Regression Code Example



Logits and Cross Entropy

A

© oo N o e A 0 D

. Logistic Regression as an Artificial Neuron

Negative Log-Likelihood Loss

Logistic Regression Learning Rule

Logits and Cross Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
OneHot Encoding and Multi-category Cross Entropy
Softmax Regression Learning Rule

Softmax Regression Code Example
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Logistic Regression Coding Example

https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L08/code/

logistic-regression.ipynb

Sebastian Raschka STAT 453: Intro to Deep Learning and Generative Models SS 2020 33


https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L08/code/logistic-regression.ipynb
https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L08/code/logistic-regression.ipynb

Multinomial Logistic Regression
/ Softmax Regression

A

. Logistic Regression as an Artificial Neuron

Negative Log-Likelihood Loss

Logistic Regression Learning Rule

Logits and Cross Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
OneHot Encoding and Multi-category Cross Entropy

Softmax Regression Learning Rule

© & N o 0o &~ Db

Softmax Regression Code Example
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MNIST - 60k Handwritten Digits
http://yann.lecun.com/exdb/mnist/

0/ &

3

L

b 7

7

1

Balanced dataset:
« 10 classes (digits 0-9)
- Ok digits per class

Image dimensions: 28x28x1

In NCHW, an image batch of
128 examples would be a tensor with
dimensions (128, 1, 28, 28)

Training set images: train-images-idx3-ubyte.gz (9.9 MB, 47 MB unzipped, and 60,000 examples)
Training set labels: train-labels-idx1-ubyte.gz (29 KB, 60 KB unzipped, and 60,000 labels)

Test set images: t10k-images-idx3-ubyte.gz (1.6 MB, 7.8 MB, unzipped and 10,000 examples)
Test set labels: t10k-labels-idx1-ubyte.gz (5 KB, 10 KB unzipped, and 10,000 labels)


http://yann.lecun.com/exdb/mnist/

MNIST - 60k Handwritten Digits

7 7 [ 1 7
7 7 2T
7 7 7 2 7
7 N 7 7
7 Y 77

lllustration of different "7"s
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Data Representation (unstructured data; images)

Convolutional Neural Networks (later)

Image batch dimensions: torch.Size([128, 1, 28, 28]) <<— "NCHW" representation

Image label dimensions: torch.Size([128])

print(images[0].size())

torch.Size([1l, 28, 28])

images|[0]
tensor([[[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000], 01
[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 5 |

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000],
[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 10 -

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000], 15 -

[0.0000, 0.0000, 0.0000, 0.0000, 0.5020, 0.9529, 0.9529, 0.9529,

0.9529, 0.9529, 0.9529, 0.8706, 0.2157, 0.2157, 0.2157, 0.5176, 20 -

0.9804, 0.9922, 0.9922, 0.8392, 0.0235, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000],

[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 25 1

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, . . . . . .
0.6627, 0.9922, 0.9922, 0.9922, 0.0314, 0.0000, 0.0000, 0.0000, 0 5 10 15 20 25
0.0000, 0.0000, 0.0000, 0.0000],

[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.4980, 0.5529, . .
0.8471, 0.9922, 0.9922, 0.5961, 0.0157, 0.0000, 0.0000, 0.0000, Note that | normalized plerS
0.0000, 0.0000, 0.0000, 0.0000], by factor 1/255 here

[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0 0 0 0

.0000,

nnn"n

.0000,

nn"n

.0000,

Fale Ra ll =

.0667, 0.0745, 0.5412, 0.9725, 0.9922,

nNec AN n NnNNnNnnN Nn Nnnnn N NnNnnnn n Nnnnn

o

Sebastian Raschka STAT 453: Intro to Deep Learning



Data Representation (unstructured data; images

Softmax regression:

"traditional method"

0.0, 0.0, 0.0,
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.0, 0.0, , 0.20392157,
, 1.0, 0.99607843, 0.99607843,
0.0, 0.0, 0.0, 0.27450982,
9215686, 0.99215686, 0.99215686,
.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0,
0.9529412, 0.87058824, 0.21568628, 0.21568628,
, 0.023529412, 0.0, 0.0, 0.0, 0.0, 0.0,
0.0, 0.0, 0.0, 0.6627451, 0.99215686,
.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0,
215686, 0.59607846, 0.015686275, 0.0, 0.0,
0, 0.0, 0.06666667, 0.07450981, 0.5411765,
0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0,
, 0.8980392, 0.99215686, 0.99215686,
0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0,
.99215686, 0.99215686, 0.99215686, 0.99215686,
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, 0.99215686, 0.24705882, 0.0, 0.0,
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0, 0.0, 0.
0.2627451, 0.

0.0, 0.0
2627451, 0.31764707, 0.9960 , 3
0.30980393, 0.14509805, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, O
0.99215686, 0.99215686, 0.99215686, 0.99215686, 0.99215686, 0.9
99215686, 0.99215686, 0.99215686, 0.7764706, 0.15294118, 0.0, 0.0, 0
0.5019608, 0.9529412, 0.9529412, 0.9529412, 0.9529412, 0.9529412,
0.21568628, 0.5176471, 0.98039216, 0.99215686, 0.99215686, 0.8392157
0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0,
0.99215686, 0.03137255, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0O
0.0, 0.0, 0.49803922, 0.5529412, 0.84705883, 0.99215686, 0.99
0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.
0.99215686, 0.99215686, 0.99215686, 0.627451, 0.05490196, 0.0,
0, 0.0, 0.0, 0.0, 0.0, 0.1882353, 0.33333334, 0.33333334, 0.33333334
0.99215686, 0.99215686, 0.92941177, 0.3647059, 0.0, 0.0, 0.0, 0.0,
0, 0.0, 0.18039216, 0.8156863, 0.99215686, 0.99215686, 0.99215686, 0
0.99215686, 0.99215686, 0.91764706, 0.32941177, 0.0, 0.0, 0.0, 0.0,
0, 0.0, 0.26666668, 0.9411765, 0.99215686, 0.99215686, 0.99215686, 0
0.99215686, 0.99215686, 0.99215686, 0.59607846, 0.03529412, 0.0, 0.0
0.0, 0.0, 0.0, 0.0, 0.34901962, 0.61960787, 0.61960787, 0.61960787,
0.99215686, 0.99215686, 0.99215686, 0.99215686, 0.54901963, 0.011764
0o, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.325
0.99215686, 0.5019608, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0,
0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.07058824, 0.27058825, 0.99215686, 0.99
0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0
0.99215686, 0.99215686, 0.50980395, 0.0, 0.0, 0.0, 0.0, 0.0,
0o, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.44705883, 0.992156
0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.
9529412, 0.99215686, 0.9490196, 0.41960785, 0.0, 0.0, 0.0, 0.0, 0.0,
0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.18431373, 0.8117647, 0.99215686,
0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.57
0.7019608, 0.7019608, 0.81960785, 0.99215686, 0.99215686, 0.99215686
0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.5372549, 0.984313
0.99215686, 0.99215686, 0.99215686, 0.99215686, 0.9490196, 0.43921
0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.5529412, 0.992
0.99215686, 0.99215686, 0.7921569, 0.50980395, 0.41960785, 0
0.0, 0.0, 0.0, 0.0, 0.0, 0.14117648, 0.30980393, 0.99215
0.32941177, 0.14901961, 0. .0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0
, 0.0, 0.0, .0, 0.0 .0,
.0, 0.0 .0
.0, 0.0 .0
0]

.0,
9607843, 7
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Represent digit as a
long vector of pixels

20 -

25 1

Note that | normalized pixels
by factor 1/255 here
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Previous Approach for Binary Classes

Activation

}’ @
Output

Net input

Inputs

In logistic regression, the activation can be
interpreted as p(y=1/x)



Another Approach Could be ...

activations are
class-membership
probabilities
(NOT mutually

exclusive classes)

W e R
where h I1s the number of classes

Sebastian Raschka STAT 453: Intro to Deep Learning



Multinomial Logistic Regression
/ Softmax Regression

activations are
class-membership probabilities
(mutually exclusive classes)

|

predicted class label

S
O
F

— CL2 A
T
" ) Y
A
X

argmax
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Representing Class Labels via Onehot
Encoding for the Multi-category
Cross Entropy Loss

OneHot Encoding and Multi-category Cross Entropy



Multinomial Logistic Regression
/ Softmax Regression

activations are
class-membership probabilities
(mutually exclusive classes)

|

predicted class label

S
O
F

— CL2 A
T
" ) Y
A
X

argmax
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Softmax Activation

4]

. : e~t
P(y=t]2") = Owonmax(2) = ——
Zj:l e’
t € {j..h} N\
h 1s the number of class
labels

(Essentially, softmax is just an exponential function that
normalizes the activations so that they sum up to 1)



Onehot Encoding Needed

class labels

class 0 class 1 «class 2 class 3
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0




Loss Function

(Multi-category) Cross Entropy
for h different class labels

n h
=33 s o)

i=1 j=1

This assumes one-hot encoded labels!



Loss Function

n

Loimary = = (4 og(al) + (1 = y) log(1 - al"))

1=1

This assumes one-hot encoded labels!

n h
L= -y log (a))

i=1 j=1

for h different class labels
(Multi-category) Cross Entropy



Cross Entropy Loss Function Example

Yonehot — Asoftmax outputs —

— = O O

o OO -
o O = O

(4 training examples, 3 classes)

0.3792
0.3072
0.4263

0.2668

0.3104
0.4147
0.2248
0.2978

0.3104°
0.2780
0.3490
0.4354.




Cross Entropy Loss Function Example

1 training example

1 0 @ 0.3792  0.3104 0.3104]

v o1 0 A - 10.3072  0.4147 0.2780
onehot = {1 softmax outputs = | () 1963 ().2248 (.3490
0 0 1 02668 0.2978  0.4354

(4 training examples, 3 classes)
4 )
(s | M =(=1) - 1og(0.3792)]
L= —y10g (a)) +[(—0) - 1og(0.3104)
i=1|j=1 + [(—0) - log(0.3104)
- 7 — 0.969692...

Sebastian Raschka

\_

STAT 453: Intro to Deep Learning

49



Yonehot —

Cross Entropy Loss Function Example

|

=232

) Naw Rl

-
o= O
r—kr—\O

Asoftmax outputs —

(" )
£ =1[(=1) - 1og(0.3792)]
+ [(—0) - 1og(0.3104)]
+ [(—0) - log(0.3104)]
. =0.969692... y
: )
LBl = [(—0) - 10g(0.4263)]
+ [(—0) - log(0.2248)]
+ [(—1) - 1og(0.3490)]
— 1.05268...
\— _J

Sebastian Raschka

(T0.3792
0.3072

0.3104
0.4147

0.31041)
0.2780

0.4263
0.2668

0.2248
0.2978

0.3490
0.4354

5[2]_[
+ |
|

(=
(=
+ (=

0) - log(0.3072)]
1) -log(0.4147)]
0) - log(0.2780),
0.880200...

(=
(=
(=

||—|—+||

0.831490... D

~
0) - log(0.2668)]

0) - log(0.2978)]
1) -log(0.4354)]

STAT 453: Intro to Deep Learning
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Cross Entropy Loss Function Example

Sebastian Raschka

STAT 453: Intro to Deep Learning

T0.3792 0.3104 0.3104])
Yoo A ~]0.3072 0.4147 0.2780
onene softmax outputs = (') 1963 (0.2248 0.3490
0 0.2668 0.2978  0.4354
R
(=1) -10g(0.3792)] | £ = [(=0) - 1og(0.3072)]
0) - log(0.3104)] +[(=1) - 1log(0.4147)]
—0) - 1og(0.3104)] + [(—0) - log(0.2780)]
0.969692 — 0.880200 |
) 1
Y e e )
[ —0) : 10g(0.4263)] £[4] _ [(—O) . 10g(02668)] i=115=1
0) - log(0.2248)] +[(~0) - log(0.2978)] ~ 0.9335
—1) - log(0.3490)) +1(=1) - log(0.4354)]
105268 U =0.831490... )
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Cross Entropy Hands-On Example

Understanding Onehot Encoding and Cross Entropy in PyTorch

import torch

Onehot Encoding

def to_onehot(y, num classes):
y_onehot = torch.zeros(y.size(0), num classes)
y_onehot.scatter (1, y.view(-1l, 1).long(), 1l).float()
return y_onehot

y = torch.tensor([0, 1, 2, 2])
y_enc = to_onehot(y, 3)

print('one-hot encoding:\n', y_enc)

one-hot encoding:
tensor([[l., 0., 0.],
(0., 1., 0.],

(0., 0., 1.7,

(0., 0., 1.11)

https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L07/code/

cross-entropy-pytorch.ipynb

Sebastian Raschka STAT 458: Intro to Deep Learning
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https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L07/code/cross-entropy-pytorch.ipynb
https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L07/code/cross-entropy-pytorch.ipynb

Softmax Regression Derivatives
for Gradient Descent

A

. Logistic Regression as an Artificial Neuron

Negative Log-Likelihood Loss

Logistic Regression Learning Rule

Logits and Cross Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
OneHot Encoding and Multi-category Cross Entropy

Softmax Regression Learning Rule

© ©® N O O &~ Db

Softmax Regression Code Example

Sebastian Raschka STAT 458: Intro to Deep Learning
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The Same Overall Concept Applies ...

0L 0L
Want: T and m
oL B OL da 0z

ow;  Oa dz Ow;

ﬁ_ﬁ_ 0L da 0z
Ob  Oa dz Ob




Softmax Regression Sketch

(This is NOT a multi-layer neural network; still 1-layer, no hidden layer)

Note that | put the logits (net inputs) as the intermediate step

The activation function
(softmax) would be applied
here to obtain the activations

Sebastian Raschka STAT 458: Intro to Deep Learning
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Softmax Regression Sketch
(bias not shown)

L1
<1 a1 \
w1 2 >< L(a,y)
L2 /
29 a2
T3 < w23 (no weight betw. z & a)
Multivariable OL | 0L 0a1| 0z N OL|Das| 8z
chain rule Owi o |Oay Dz1|Ow o dag|dz1 /0w 2

4 W

_ﬂ Y2
a



v
0
a
oL o | _
IE 9ISy
7 |5 e
0
= 8—6“[_91 log (a1)]
__N
a

Sebastian Raschka

oL 8&2 (9,21

aCLQ 821 8w1,2
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0L oL 8&1 821 I 0L 8a2 821

8w1,2 8@1 821 8w1,2 8a2 821 8w1,2
_ - Function Derivative
z1 Sum Rule fx)+g(x) fl(z)+4(z)
aCL ]_ . a € Difference Rule  f(z) — g(x) f'(z) —¢'()
—_ — h ' Product Rule f(x)g(x) f(@)g(z) + f(x)g'(x)
821 821 g J . 1 623 Quotient Rule  f(z)/g(z)  [g9(2)f'(z) — f(2)g'(x)]/][g(z)]?

Reciprocai Rule177(7) =@ LJn(w\)]g

Chain Rule flg(z)) f'(g(x))g' (x)




oL

oL 8&1 821

8w1,2 8@1 821 8w1,2

oL 8a2 821

8&2 821 8w1,2

0 — e*2e~?
Zj | €7
_6'22 621
— h ' h .
Zj ) €% 2321 e

Sum Rule
Difference Rule
Product Rule
Quotient Rule
Reciprocal Ruie

Chain Rule

Function
f(x) +9(x)
f(z) = g(x)
f(x)g(x)
f(x)/g(x)
77)

flg(@))

Derivative

f'(@) +d'(x)

f'(@) = d'(x)

f'(@)g(x) + f(x)g'(x)
[9(2)f'(z) = f(2)g' (@)]/lg(x)]?
=@t

f'(g(x))g (z)



oL oL 8a1 821 oL 8@2 021

awl’g B (’?al 021 8?1)1,2 8@2 821 0w1,2




Softmax Regression Sketch
(bias not shown)

L1
<1 a1
W1, \ L(a
To >< / ( 7Y)
Z9 a2
T3 4 wa. 3 (no weight betw. z & a)
Multivariable oL _ oL 0ay 0z | 0L day 0z
Cha|n rUIe 6?1)1,2 B 8a1 821 8w1,2 8&2 821 @wLQ
= %[m(l —ay)|xrs + ;—2(—6@611)3?2



Softmax Regression Sketch

X1
<1 aq
w1 .2 \ [(a
29 a2
L3 < W2 3

Vectorized Form:
0L OL Oa; 0z X OL day 0z VW£ — —(XT (Y — A))T

8’(1}1’2 B 8a1 821 8?1]1’2 8&2 021 811)1,2

= 7“—:?1[&1(1—&1)]562—|—7“—Z2(—a2a1)332 Where W c kam
— (y2a1 — Y1 + y1a1)$2 X ¢ R XM
i (_al(y1_+ Y2) — Y1)To A o goh
— (yl a1)$2

Y Rnxh



Softmax Regression Code Example

A

. Logistic Regression as an Artificial Neuron

Negative Log-Likelihood Loss

Logistic Regression Learning Rule

Logits and Cross Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
OneHot Encoding and Multi-category Cross Entropy

Softmax Regression Learning Rule

© © N O O &~ Db

Softmax Regression Code Example

Sebastian Raschka STAT 458: Intro to Deep Learning
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Softmax Regression Hands-On Example (lris)

petal length [cm]

sepal length [cm]

"From scratch” implementation & PyTorch autodiff implementation

https://github.com/rasbt/stat453-deep-learning-ss21/blob/
master/L08/code/softmax-regression_scratch.ipynb

Sebastian Raschka STAT 453: Intro to Deep Learning
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https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L08/code/softmax-regression_scratch.ipynb
https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L08/code/softmax-regression_scratch.ipynb

Softmax Regression Hands-On (MNIST)

Using PyTorch (with autodiff an nn.Module)

10 - 10 - Z 10 - 10 -
20 A 2 - 40 - 40 -

0 0 0 0 0 0 0 20

https://github.com/rasbt/stat453-deep-
learning-ss21/blob/master/L08/code/
softmax-regression-mnist.ipynb

Sebastian Raschka STAT 453: Intro to Deep Learning
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https://github.com/rasbt/stat453-deep-learning-ss20/blob/master/L08/code/softmax-regression-mnist.ipynb
https://github.com/rasbt/stat453-deep-learning-ss20/blob/master/L08/code/softmax-regression-mnist.ipynb
https://github.com/rasbt/stat453-deep-learning-ss20/blob/master/L08/code/softmax-regression-mnist.ipynb

PyTorch Loss-Input Confusion (Cheatsheet)

® torch.nn.functional.binary_cross_entropy takes logistic
sigmoid values as inputs

® torch.nn.functional.binary_cross_entropy_with_logits takes
logits as inputs

® torch.nn.functional.cross_entropy takes logits as inputs
(performs log_softmax internally)

® torch.nn.functional.nll_loss is like cross_entropy but takes
log-probabilities (log-softmax) values as inputs



