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Logistic Regression  
and Multi-class classification

Lecture 08

with Applications in Python

Sebastian Raschka

http://stat.wisc.edu/~sraschka/teaching

STAT 453: Introduction to Deep Learning and Generative Models


http://stat.wisc.edu/~sraschka/teaching
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Previous Lecture(s): 

• Solved convergence issue of Perceptron via Adaline
• Conceptualized gradient descent via computation graphs
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• A better loss function for classification  
(cross entropy instead of MSE)

• Extending neurons to multi-class classification  
(multiple output notes + softmax)

This Lecture:
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Topics

1. Logistic Regression as an Artificial Neuron

2. Negative Log-Likelihood Loss

3. Logistic Regression Learning Rule

4. Logits and Cross Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. OneHot Encoding and Multi-category Cross Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example



Sebastian Raschka           STAT 453: Intro to Deep Learning          5

Viewing Logistic Regression as a  
Single Layer Neural Network

1. Logistic Regression as an Artificial Neuron

2. Negative Log-Likelihood Loss

3. Logistic Regression Learning Rule

4. Logits and Cross Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. OneHot Encoding and Multi-category Cross Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example
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x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

x2
<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>

xm
<latexit sha1_base64="tO2D7Y3xgQg9Al+NesydFPig0Xw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMh81hmZsWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKflgxwkNBR5IFjOCrZPun3qiV674VX8GtEyCnFQgR71X/ur2FUkFlZZwbEwn8BMbZlhbRjidlLqpoQkmIzygHUclFtSE2ezUCTpxSh/FSruSFs3U3xMZFsaMReQ6BbZDs+hNxf+8TmrjqzBjMkktlWS+KE45sgpN/0Z9pimxfOwIJpq5WxEZYo2JdemUXAjB4svLpHlWDc6r/t1FpXadx1GEIziGUwjgEmpwC3VoAIEBPMMrvHnce/HevY95a8HLZw7hD7zPH2dKjd4=</latexit>

...
<latexit sha1_base64="WpNQXWGDCKM4/OntNFktovhPtj4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6x6D1eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AMwZj0Q=</latexit>

w1
<latexit sha1_base64="ELWCbynYAUOpCjzaHAkeFZeonCw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEK1I2h</latexit>

w2
<latexit sha1_base64="UkXJNXFgsoaYDNhtSeqRDvmteSE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEMWI2i</latexit>

wm
<latexit sha1_base64="h0unGCJ4xKGg50glIcymfgWRMj4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMh81hmZpWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKflgxwkNBR5IFjOCrZPun3qiV674VX8GtEyCnFQgR71X/ur2FUkFlZZwbEwn8BMbZlhbRjidlLqpoQkmIzygHUclFtSE2ezUCTpxSh/FSruSFs3U3xMZFsaMReQ6BbZDs+hNxf+8TmrjqzBjMkktlWS+KE45sgpN/0Z9pimxfOwIJpq5WxEZYo2JdemUXAjB4svLpHlWDc6r/t1FpXadx1GEIziGUwjgEmpwC3VoAIEBPMMrvHnce/HevY95a8HLZw7hD7zPH2XEjd0=</latexit>

z =
X

i

wixi + b
<latexit sha1_base64="y28kwhVaFi9opSmbTnQuDDdVAuU=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFEIQyo4JuhKIblxXsA9phyKRpG5rMDElGrWMX/oobF4q49Tfc+Tem7Sy09cCBwzn3kpsTxJwp7TjfVm5ufmFxKb9cWFldW9+wN7dqKkokoVUS8Ug2AqwoZyGtaqY5bcSSYhFwWg/6l6O8fkulYlF4owcx9QTuhqzDCNbG8u2dB3SOWioRPkN3hveGhyjw7aJTcsZAs8LNRBEyVHz7q9WOSCJoqAnHSjVdJ9ZeiqVmhNNhoZUoGmPSx13aNDLEgiovHd8/RPvGaaNOJA1Djcbu740UC6UGIjCTAuuems5G5n9ZM9GdMy9lYZxoGpLJQ52EIx2hURmozSQlmg+MwEQycysiPSwx0aayginBnf7yrKgdldzjknN9UixfZHXkYRf24ABcOIUyXEEFqkDgEZ7hFd6sJ+vFerc+JqM5K9vZhj+wPn8AlHqUhQ==</latexit>

a = �(z)
<latexit sha1_base64="IQIN4eaasqBx41GaFiWbCLQdOvw=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQL2VXBb0IRS8eK9gPaJcym2bb0CS7JtlCXfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCsATTmTtG6Y4bQVKwoi4LQZDG+nfnNElWaRfDDjmPoC+pKFjICxkg/4Gnc06wsoP512iyW34s6Al4mXkRLKUOsWvzq9iCSCSkM4aN323Nj4KSjDCKeTQifRNAYyhD5tWypBUO2ns6Mn+MQqPRxGypY0eKb+nkhBaD0Wge0UYAZ60ZuK/3ntxIRXfspknBgqyXxRmHBsIjxNAPeYosTwsSVAFLO3YjIABcTYnAo2BG/x5WXSOKt45xX3/qJUvcniyKMjdIzKyEOXqIruUA3VEUGP6Bm9ojdn5Lw4787HvDXnZDOH6A+czx81lJEU</latexit>

"output"

�(z) =
1

1 + e�z
<latexit sha1_base64="27EACsCo0KJp9Pu/nSJvZPikwFk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoiCVRQTdC0Y3LCvYBTSyT6aQOnUzCzERoQ9Zu/BU3LhRx6xe482+ctFlo64ELh3Pu5d57vIhRqSzr2yjMzS8sLhWXSyura+sb5uZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre4CrzWw9ESBryWzWMiBugPqc+xUhpqWvuOpL2A1QZHcAL6PgC4cROExseQnKXHI3StNQ1y1bVGgPOEjsnZZCj3jW/nF6I44BwhRmSsmNbkXITJBTFjKQlJ5YkQniA+qSjKUcBkW4yfiWF+1rpQT8UuriCY/X3RIICKYeBpzsDpO7ltJeJ/3mdWPnnbkJ5FCvC8WSRHzOoQpjlAntUEKzYUBOEBdW3QnyPdB5Kp5eFYE+/PEuax1X7pGrdnJZrl3kcRbAD9kAF2OAM1MA1qIMGwOARPINX8GY8GS/Gu/ExaS0Y+cw2+APj8wdpQZjN</latexit>

• In ADALINE, the activation function was an identity function, 

• ADALINE we used MSE as loss function:

• We will use a different loss function for logistic regression

σ(z) = z

"logistic sigmoid"

MSE =
1

n

X

i

(a[i] � y[i])2

<latexit sha1_base64="QipPXaCwh8bLZVDr4uznzJhDW1k="></latexit>

Logistic Regression Neuron
For binary classes y 2 {0, 1}

<latexit sha1_base64="lzEdU7HZkL5tCDZZ2wSFnUYqL90=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4kLJRQY9FLx4r2A9oYtlsN+3SzSbsbpQQ+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8IBFcG4y/naXlldW19dJGeXNre2e3srff0nGqKGvSWMSqExDNBJesabgRrJMoRqJAsHYwupn47UemNI/lvckS5kdkIHnIKTFWesiQxyXycnyKXG/cq1RxDU+BFolbkCoUaPQqX14/pmnEpKGCaN11cWL8nCjDqWDjspdqlhA6IgPWtVSSiGk/n149RsdW6aMwVrakQVP190ROIq2zKLCdETFDPe9NxP+8bmrCKz/nMkkNk3S2KEwFMjGaRID6XDFqRGYJoYrbWxEdEkWosUGVbQju/MuLpHVWc89r+O6iWr8u4ijBIRzBCbhwCXW4hQY0gYKCZ3iFN+fJeXHenY9Z65JTzBzAHzifP60EkVE=</latexit>
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Logistic Sigmoid Function

�(z) =
ez

1 + ez
=

1

1 + e�z
<latexit sha1_base64="hoH4PBp+ZVNNZtaqbkRFuTWfeJI=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIlWKZ8YJuhKIblxXsBXojk55pQzMXkozQDvMkbnwVNy4UEVzp25hpi2jrgZCf7z+H5Px2wJlUpvllpBYWl5ZX0quZtfWNza3s9k5V+qGgUKE+90XdJhI486CimOJQDwQQ1+ZQswfXiV+7ByGZ792pYQAtl/Q85jBKlEad7FlTsp5L8qNDfImbjiA0gvYojqxCcv0wSxNcwNCOjkZxnOlkc2bRHBeeF9ZU5NC0yp3sR7Pr09AFT1FOpGxYZqBaERGKUQ5xphlKCAgdkB40tPSIC7IVjdeL8YEmXez4Qh9P4TH9PRERV8qha+tOl6i+nPUS+J/XCJVz0YqYF4QKPDp5yAk5Vj5OssJdJoAqPtSCUMH0XzHtE52H0okmIVizK8+L6nHROimat6e50tU0jjTaQ/sojyx0jkroBpVRBVH0gJ7QC3o1Ho1n4814n7SmjOnMLvpTxuc3dyug0A==</latexit>

net input

activation
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Logistic Regression

P (y|x) =
(
h(x) if y = 1

1� h(x) if y = 0
<latexit sha1_base64="janWPArT/my/YKQzjS5WPiZtUMk="></latexit>

if y = 0
<latexit sha1_base64="OhUGoiTf3d9SL1Wll3MC8lxyUEc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwFHZV0IsQ9OIxgnlAsoTZyWwyZPbBTK8a1nyKFw+KePVLvPk3TpI9aGJBQ1HVTXeXn0ih0XG+raXlldW19cJGcXNre2fXLu01dJwqxusslrFq+VRzKSJeR4GStxLFaehL3vSH1xO/ec+VFnF0h6OEeyHtRyIQjKKRunapg/wRMyICMiYjckmcrl12Ks4UZJG4OSlDjlrX/ur0YpaGPEImqdZt10nQy6hCwSQfFzup5gllQ9rnbUMjGnLtZdPTx+TIKD0SxMpUhGSq/p7IaKj1KPRNZ0hxoOe9ifif104xuPAyESUp8ojNFgWpJBiTSQ6kJxRnKEeGUKaEuZWwAVWUoUmraEJw519eJI2TintacW7PytWrPI4CHMAhHIML51CFG6hBHRg8wDO8wpv1ZL1Y79bHrHXJymf24Q+szx9l05LF</latexit>

if y = 1
<latexit sha1_base64="1UShtj+sP6ON06UXxIVWWaxG5WI=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwFHZV0IsQ9OIxgnlAsoTZyWwyZPbBTK8a1nyKFw+KePVLvPk3TpI9aGJBQ1HVTXeXn0ih0XG+raXlldW19cJGcXNre2fXLu01dJwqxusslrFq+VRzKSJeR4GStxLFaehL3vSH1xO/ec+VFnF0h6OEeyHtRyIQjKKRunapg/wRMyICMiYjckncrl12Ks4UZJG4OSlDjlrX/ur0YpaGPEImqdZt10nQy6hCwSQfFzup5gllQ9rnbUMjGnLtZdPTx+TIKD0SxMpUhGSq/p7IaKj1KPRNZ0hxoOe9ifif104xuPAyESUp8ojNFgWpJBiTSQ6kJxRnKEeGUKaEuZWwAVWUoUmraEJw519eJI2TintacW7PytWrPI4CHMAhHIML51CFG6hBHRg8wDO8wpv1ZL1Y79bHrHXJymf24Q+szx9nV5LG</latexit>

P (y = 0|x) ⇡ 1
<latexit sha1_base64="IhLuaz9oQs4HTxVYWa4e20LmWf4=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiQq6EYounFZwT6gKWUynbRDJ5NhZiINsSs3/oobF4q49Rvc+TdO2iy09cCFwzn3cu89vmBUacf5thYWl5ZXVgtrxfWNza1te2e3oaJYYlLHEYtky0eKMMpJXVPNSEtIgkKfkaY/vM785j2Rikb8TieCdELU5zSgGGkjde2DWjm5dOAD9EKkB36QjsbH0ENCyGgE3a5dcirOBHCeuDkpgRy1rv3l9SIch4RrzJBSbdcRupMiqSlmZFz0YkUEwkPUJ21DOQqJ6qSTN8bwyCg9GETSFNdwov6eSFGoVBL6pjM7Vs16mfif1451cNFJKRexJhxPFwUxgzqCWSawRyXBmiWGICypuRXiAZIIa5Nc0YTgzr48TxonFfe04tyelapXeRwFsA8OQRm44BxUwQ2ogTrA4BE8g1fwZj1ZL9a79TFtXbDymT3wB9bnD0EMl7c=</latexit>

h(x) = �(w>x+ b)

<latexit sha1_base64="mMRM80pKb151utrXxuP5hf96Czg=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VoEUoi9bERim5cVrAPaGKZTCft0MmDmYlaQv7Ejb/ixoUi4q5/46QNPloPDBzOOZe59zgho0IaxljLLSwuLa/kVwtr6xubW/r2TlMEEcekgQMW8LaDBGHUJw1JJSPtkBPkOYy0nOFl6rfuCBc08G/kKCS2h/o+dSlGUkld/WRQsjwkB44bPyRleA4tQfse+hbvk1tLBiH8CcFD6JS7etGoGBPAeWJmpAgy1Lv6p9ULcOQRX2KGhOiYRijtGHFJMSNJwYoECREeoj7pKOojjwg7ntyXwAOl9KAbcPV8CSfq74kYeUKMPEcl0zXFrJeK/3mdSLpndkz9MJLEx9OP3IhBGcC0LNijnGDJRoogzKnaFeIB4ghLVWlBlWDOnjxPmkcVs1o5vq4WaxdZHXmwB/ZBCZjgFNTAFaiDBsDgETyDV/CmPWkv2rv2MY3mtGxmF/yBNv4CN8aidg==</latexit>

Given the output:

We compute the posterior as:

For a binary class problem (0 and 1), we want these probabilities to be: 

P (y = 1|x) = 1� P (y = 0|x) ⇡ 1

<latexit sha1_base64="cKoI9l5ruJn1zg4fByqlRL9gitA=">AAACIXicbVDLSsNAFJ3UV62vqEs3g0WoC0siFbspFN24rGAf0JQymU7aoZNJmJlIQ+yvuPFX3LhQpDvxZ5y0WWjrgQuHc+7l3nvckFGpLOvLyK2tb2xu5bcLO7t7+wfm4VFLBpHApIkDFoiOiyRhlJOmooqRTigI8l1G2u74NvXbj0RIGvAHFYek56Mhpx7FSGmpb1Ybpbhmwyfo+EiNXC+ZTM9hDdrwAqaOteRAB4WhCCbQ7ptFq2zNAVeJnZEiyNDomzNnEODIJ1xhhqTs2laoegkSimJGpgUnkiREeIyGpKspRz6RvWT+4RSeaWUAvUDo4grO1d8TCfKljH1Xd6bXymUvFf/zupHyqr2E8jBShOPFIi9iUAUwjQsOqCBYsVgThAXVt0I8QgJhpUMt6BDs5ZdXSeuybFfKV/eVYv0miyMPTsApKAEbXIM6uAMN0AQYPINX8A4+jBfjzfg0ZovWnJHNHIM/ML5/AEDkoIg=</latexit>

here, the "hypothesis" is just our
activation function output

h(x) = a
<latexit sha1_base64="iosxkZob/hJ+tTL4RtI9PjDAuN4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlU0I1QdOOygn1AG8pkOmmHTiZhZqKW2E9x40IRt36JO//GSZuFth4YOJxzL/fM8WPOlHacb2tpeWV1bb2wUdzc2t7ZtUt7TRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o+vMb91TqVgk7vQ4pl6IB4IFjGBtpJ5dGla6IdZDP0gfJ8foEuGeXXaqzhRokbg5KUOOes/+6vYjkoRUaMKxUh3XibWXYqkZ4XRS7CaKxpiM8IB2DBU4pMpLp9En6MgofRRE0jyh0VT9vZHiUKlx6JvJLKaa9zLxP6+T6ODCS5mIE00FmR0KEo50hLIeUJ9JSjQfG4KJZCYrIkMsMdGmraIpwZ3/8iJpnlTd06pze1auXeV1FOAADqECLpxDDW6gDg0g8ADP8Apv1pP1Yr1bH7PRJSvf2Yc/sD5/AAGNkyw=</latexit>
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Logistic Regression's Loss Function

1. Logistic Regression as an Artificial Neuron

2. Negative Log-Likelihood Loss

3. Logistic Regression Learning Rule

4. Logits and Cross Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. OneHot Encoding and Multi-category Cross Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example
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Logistic Regression

P (y|x) =
(
h(x) if y = 1

1� h(x) if y = 0
<latexit sha1_base64="janWPArT/my/YKQzjS5WPiZtUMk="></latexit>

if y = 0
<latexit sha1_base64="OhUGoiTf3d9SL1Wll3MC8lxyUEc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwFHZV0IsQ9OIxgnlAsoTZyWwyZPbBTK8a1nyKFw+KePVLvPk3TpI9aGJBQ1HVTXeXn0ih0XG+raXlldW19cJGcXNre2fXLu01dJwqxusslrFq+VRzKSJeR4GStxLFaehL3vSH1xO/ec+VFnF0h6OEeyHtRyIQjKKRunapg/wRMyICMiYjckmcrl12Ks4UZJG4OSlDjlrX/ur0YpaGPEImqdZt10nQy6hCwSQfFzup5gllQ9rnbUMjGnLtZdPTx+TIKD0SxMpUhGSq/p7IaKj1KPRNZ0hxoOe9ifif104xuPAyESUp8ojNFgWpJBiTSQ6kJxRnKEeGUKaEuZWwAVWUoUmraEJw519eJI2TintacW7PytWrPI4CHMAhHIML51CFG6hBHRg8wDO8wpv1ZL1Y79bHrHXJymf24Q+szx9l05LF</latexit>

if y = 1
<latexit sha1_base64="1UShtj+sP6ON06UXxIVWWaxG5WI=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwFHZV0IsQ9OIxgnlAsoTZyWwyZPbBTK8a1nyKFw+KePVLvPk3TpI9aGJBQ1HVTXeXn0ih0XG+raXlldW19cJGcXNre2fXLu01dJwqxusslrFq+VRzKSJeR4GStxLFaehL3vSH1xO/ec+VFnF0h6OEeyHtRyIQjKKRunapg/wRMyICMiYjckncrl12Ks4UZJG4OSlDjlrX/ur0YpaGPEImqdZt10nQy6hCwSQfFzup5gllQ9rnbUMjGnLtZdPTx+TIKD0SxMpUhGSq/p7IaKj1KPRNZ0hxoOe9ifif104xuPAyESUp8ojNFgWpJBiTSQ6kJxRnKEeGUKaEuZWwAVWUoUmraEJw519eJI2TintacW7PytWrPI4CHMAhHIML51CFG6hBHRg8wDO8wpv1ZL1Y79bHrHXJymf24Q+szx9nV5LG</latexit>

P (y = 0|x) ⇡ 1
<latexit sha1_base64="IhLuaz9oQs4HTxVYWa4e20LmWf4=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiQq6EYounFZwT6gKWUynbRDJ5NhZiINsSs3/oobF4q49Rvc+TdO2iy09cCFwzn3cu89vmBUacf5thYWl5ZXVgtrxfWNza1te2e3oaJYYlLHEYtky0eKMMpJXVPNSEtIgkKfkaY/vM785j2Rikb8TieCdELU5zSgGGkjde2DWjm5dOAD9EKkB36QjsbH0ENCyGgE3a5dcirOBHCeuDkpgRy1rv3l9SIch4RrzJBSbdcRupMiqSlmZFz0YkUEwkPUJ21DOQqJ6qSTN8bwyCg9GETSFNdwov6eSFGoVBL6pjM7Vs16mfif1451cNFJKRexJhxPFwUxgzqCWSawRyXBmiWGICypuRXiAZIIa5Nc0YTgzr48TxonFfe04tyelapXeRwFsA8OQRm44BxUwQ2ogTrA4BE8g1fwZj1ZL9a79TFtXbDymT3wB9bnD0EMl7c=</latexit>

h(x) = �(w>x+ b)

<latexit sha1_base64="mMRM80pKb151utrXxuP5hf96Czg=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VoEUoi9bERim5cVrAPaGKZTCft0MmDmYlaQv7Ejb/ixoUi4q5/46QNPloPDBzOOZe59zgho0IaxljLLSwuLa/kVwtr6xubW/r2TlMEEcekgQMW8LaDBGHUJw1JJSPtkBPkOYy0nOFl6rfuCBc08G/kKCS2h/o+dSlGUkld/WRQsjwkB44bPyRleA4tQfse+hbvk1tLBiH8CcFD6JS7etGoGBPAeWJmpAgy1Lv6p9ULcOQRX2KGhOiYRijtGHFJMSNJwYoECREeoj7pKOojjwg7ntyXwAOl9KAbcPV8CSfq74kYeUKMPEcl0zXFrJeK/3mdSLpndkz9MJLEx9OP3IhBGcC0LNijnGDJRoogzKnaFeIB4ghLVWlBlWDOnjxPmkcVs1o5vq4WaxdZHXmwB/ZBCZjgFNTAFaiDBsDgETyDV/CmPWkv2rv2MY3mtGxmF/yBNv4CN8aidg==</latexit>

Given the output:

We compute the posterior as:

For a binary class problem (0 and 1), we want these probabilities to be: 

P (y = 1|x) = 1� P (y = 0|x) ⇡ 1

<latexit sha1_base64="cKoI9l5ruJn1zg4fByqlRL9gitA=">AAACIXicbVDLSsNAFJ3UV62vqEs3g0WoC0siFbspFN24rGAf0JQymU7aoZNJmJlIQ+yvuPFX3LhQpDvxZ5y0WWjrgQuHc+7l3nvckFGpLOvLyK2tb2xu5bcLO7t7+wfm4VFLBpHApIkDFoiOiyRhlJOmooqRTigI8l1G2u74NvXbj0RIGvAHFYek56Mhpx7FSGmpb1Ybpbhmwyfo+EiNXC+ZTM9hDdrwAqaOteRAB4WhCCbQ7ptFq2zNAVeJnZEiyNDomzNnEODIJ1xhhqTs2laoegkSimJGpgUnkiREeIyGpKspRz6RvWT+4RSeaWUAvUDo4grO1d8TCfKljH1Xd6bXymUvFf/zupHyqr2E8jBShOPFIi9iUAUwjQsOqCBYsVgThAXVt0I8QgJhpUMt6BDs5ZdXSeuybFfKV/eVYv0miyMPTsApKAEbXIM6uAMN0AQYPINX8A4+jBfjzfg0ZovWnJHNHIM/ML5/AEDkoIg=</latexit>

here, the "hypothesis" is just our
activation function output

h(x) = a
<latexit sha1_base64="iosxkZob/hJ+tTL4RtI9PjDAuN4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlU0I1QdOOygn1AG8pkOmmHTiZhZqKW2E9x40IRt36JO//GSZuFth4YOJxzL/fM8WPOlHacb2tpeWV1bb2wUdzc2t7ZtUt7TRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o+vMb91TqVgk7vQ4pl6IB4IFjGBtpJ5dGla6IdZDP0gfJ8foEuGeXXaqzhRokbg5KUOOes/+6vYjkoRUaMKxUh3XibWXYqkZ4XRS7CaKxpiM8IB2DBU4pMpLp9En6MgofRRE0jyh0VT9vZHiUKlx6JvJLKaa9zLxP6+T6ODCS5mIE00FmR0KEo50hLIeUJ9JSjQfG4KJZCYrIkMsMdGmraIpwZ3/8iJpnlTd06pze1auXeV1FOAADqECLpxDDW6gDg0g8ADP8Apv1pP1Yr1bH7PRJSvf2Yc/sD5/AAGNkyw=</latexit>



Sebastian Raschka           STAT 453: Intro to Deep Learning          11

Logistic Regression

P (y|x) =
(
h(x) if y = 1

1� h(x) if y = 0
<latexit sha1_base64="janWPArT/my/YKQzjS5WPiZtUMk="></latexit>

h(x) = �(w>x+ b)

<latexit sha1_base64="mMRM80pKb151utrXxuP5hf96Czg=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VoEUoi9bERim5cVrAPaGKZTCft0MmDmYlaQv7Ejb/ixoUi4q5/46QNPloPDBzOOZe59zgho0IaxljLLSwuLa/kVwtr6xubW/r2TlMEEcekgQMW8LaDBGHUJw1JJSPtkBPkOYy0nOFl6rfuCBc08G/kKCS2h/o+dSlGUkld/WRQsjwkB44bPyRleA4tQfse+hbvk1tLBiH8CcFD6JS7etGoGBPAeWJmpAgy1Lv6p9ULcOQRX2KGhOiYRijtGHFJMSNJwYoECREeoj7pKOojjwg7ntyXwAOl9KAbcPV8CSfq74kYeUKMPEcl0zXFrJeK/3mdSLpndkz9MJLEx9OP3IhBGcC0LNijnGDJRoogzKnaFeIB4ghLVWlBlWDOnjxPmkcVs1o5vq4WaxdZHXmwB/ZBCZjgFNTAFaiDBsDgETyDV/CmPWkv2rv2MY3mtGxmF/yBNv4CN8aidg==</latexit>

Given the output:

We compute the posterior as:

rewrite more compactly
P (y|x) = ay(1� a)(1�y)

<latexit sha1_base64="X2SUQqq9s8ldn4AAahz5REHV1lo=">AAACDHicbVC7SgNBFL3rM8ZX1NJmMAhJYdhVQRshaGMZwTwgL2Yns8mQ2Qczs+Ky7gfY+Cs2ForY+gF2/o2zyRaaeGGYwznncu89dsCZVKb5bSwsLi2vrObW8usbm1vbhZ3dhvRDQWid+NwXLRtLyplH64opTluBoNi1OW3a46tUb95RIZnv3aoooF0XDz3mMIKVpvqFYq0UPXRcrEa2E98nZXSBcC9CJesIl3ux/qJyol1mxZwUmgdWBoqQVa1f+OoMfBK61FOEYynblhmoboyFYoTTJN8JJQ0wGeMhbWvoYZfKbjw5JkGHmhkgxxf6eQpN2N8dMXaljFxbO9O15ayWkv9p7VA5592YeUGoqEemg5yQI+WjNBk0YIISxSMNMBFM74rICAtMlM4vr0OwZk+eB43jinVSMW9Oi9XLLI4c7MMBlMCCM6jCNdSgDgQe4Rle4c14Ml6Md+Njal0wsp49+FPG5w9ilplC</latexit>

here, the "hypothesis" is just our
activation function output

h(x) = a
<latexit sha1_base64="iosxkZob/hJ+tTL4RtI9PjDAuN4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlU0I1QdOOygn1AG8pkOmmHTiZhZqKW2E9x40IRt36JO//GSZuFth4YOJxzL/fM8WPOlHacb2tpeWV1bb2wUdzc2t7ZtUt7TRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o+vMb91TqVgk7vQ4pl6IB4IFjGBtpJ5dGla6IdZDP0gfJ8foEuGeXXaqzhRokbg5KUOOes/+6vYjkoRUaMKxUh3XibWXYqkZ4XRS7CaKxpiM8IB2DBU4pMpLp9En6MgofRRE0jyh0VT9vZHiUKlx6JvJLKaa9zLxP6+T6ODCS5mIE00FmR0KEo50hLIeUJ9JSjQfG4KJZCYrIkMsMdGmraIpwZ3/8iJpnlTd06pze1auXeV1FOAADqECLpxDDW6gDg0g8ADP8Apv1pP1Yr1bH7PRJSvf2Yc/sD5/AAGNkyw=</latexit>
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Logistic Regression

P
�
y[i], ..., y[n]|x[1], ...,x[n]

�
=

nY

i=1

P
�
y[i]|x[i]

�

<latexit sha1_base64="0/tYHgGvKq0GkVBDbaeuLi94DrM="></latexit>

And for multiple training examples, we want to maximize:

You may remember this as Maximum Likelihood Estimation 
from your other stats classes. 

by finding good/optimal parameters
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Likelihood "Loss"

L(w) = P (y | x;w)

=
nY

i=1

P
�
y(i) | x(i);w

�

=
nY

i=1

✓
�
�
z(i)

�◆y(i)✓
1� �

�
z(i)

�◆1�y(i)

<latexit sha1_base64="GOi0kDkr8HCzDiqQaURW/1k4/lA="></latexit>
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In practice, it is easier to maximize the (natural) log of this equation, which is  
called the log-likelihood function:

L(w) = P (y | x;w)

=
nY

i=1

P
�
y(i) | x(i);w

�

=
nY

i=1

✓
�
�
z(i)

�◆y(i)✓
1� �

�
z(i)

�◆1�y(i)

<latexit sha1_base64="GOi0kDkr8HCzDiqQaURW/1k4/lA="></latexit>

Log-Likelihood "Loss"

l(w) = logL(w)

=
nX

i=1

⇥
y(i) log

�
�
�
z(i)

��
+

�
1� y(i)

�
log

�
1� �

�
z(i)

��⇤

<latexit sha1_base64="vqLbiYMvTZI6TI7W+2R/okbXjZM="></latexit>
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In practice, it is even more convenient to minimize negative log-likelihood instead of 
maximizing log-likelihood:

Negative Log-Likelihood Loss

L(w) = �l(w)

= �
nX

i=1

⇥
y(i) log

�
�
�
z(i)

��
+

�
1� y(i)

�
log

�
1� �

�
z(i)

��⇤

<latexit sha1_base64="2pwA3w0wt4tYijTcQbc8lqAOyxg="></latexit>

(in code, we also usually add a 1/n scaling factor for further convenience, where  
n is the number of training examples or number of examples in a minibatch)
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• So, "doing logistic regression" is similar to what we have done before in 
ADALINE, we minimized the MSE loss:

MSE =
1

n

X

i

(a[i] � y[i])2

<latexit sha1_base64="QipPXaCwh8bLZVDr4uznzJhDW1k="></latexit>

Logistic Regression Loss

• However, the difference is that in Logistic Regression, we maximize the 
likelihood

• Maximizing likelihood is the same as maximizing the log-likelihood, 
but the latter is numerically more stable

• Maximizing the log-likelihood is the same as minimizing the negative  
log-likelihood, which is convenient, so we don't have to change our code  
and can still use gradient descent (instead of gradient ascent)
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Training a Logistic Regression Model

1. Logistic Regression as an Artificial Neuron

2. Negative Log-Likelihood Loss

3. Logistic Regression Learning Rule

4. Logits and Cross Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. OneHot Encoding and Multi-category Cross Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example
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�(z) =
1

1 + e�z
<latexit sha1_base64="27EACsCo0KJp9Pu/nSJvZPikwFk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoiCVRQTdC0Y3LCvYBTSyT6aQOnUzCzERoQ9Zu/BU3LhRx6xe482+ctFlo64ELh3Pu5d57vIhRqSzr2yjMzS8sLhWXSyura+sb5uZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre4CrzWw9ESBryWzWMiBugPqc+xUhpqWvuOpL2A1QZHcAL6PgC4cROExseQnKXHI3StNQ1y1bVGgPOEjsnZZCj3jW/nF6I44BwhRmSsmNbkXITJBTFjKQlJ5YkQniA+qSjKUcBkW4yfiWF+1rpQT8UuriCY/X3RIICKYeBpzsDpO7ltJeJ/3mdWPnnbkJ5FCvC8WSRHzOoQpjlAntUEKzYUBOEBdW3QnyPdB5Kp5eFYE+/PEuax1X7pGrdnJZrl3kcRbAD9kAF2OAM1MA1qIMGwOARPINX8GY8GS/Gu/ExaS0Y+cw2+APj8wdpQZjN</latexit>

Logistic Sigmoid Derivative

d

dz
�(z) =

e�z

(1 + e�z)2
= �(z)(1� �(z))

<latexit sha1_base64="W9vRWm8kOss6A+x0J6A9OywGNA0="></latexit>

Generally, another nice property of the logistic sigmoid  
(in multi-layer nets) is that it has nice derivatives!
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Loss for a Single Training Example

if y = 0
if y = 1

<latexit sha1_base64="GgHwiQTIyORHQlZSacuTbsCMmcs="></latexit>

L(w) = �
�
y(i) log

�
ŷ(i)) +

�
1� y(i)

�
log

�
1� ŷ(i)

��
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Learning Rule

Same gradient descent rule as before, for which we need

da

dz
=

e�z

(1 + e�z)2
= a · (1� a)

<latexit sha1_base64="X+n2XnvxOxUC3w83P3buPeSeaq0="></latexit>

@z

wj
= xj

<latexit sha1_base64="40WE11XvEWLFgqAkZI5o+xuoh3A=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQkgwYJUwcJYJPqQmihyXKd16ziR7QAlysLCr7AwgBAr/8DG3+C0GaDlSFc6Oude+97jx4xKZVnfxtz8wuLScmmlvLq2vrFpbm03ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPL3O/dUuEpBG/UaOYuCHqcRpQjJSWPHPPCQTCqRMjoShi8CFL77xBBs/hvTfwzIpVtcaAs8QuSAUUqHvml9ONcBISrjBDUnZsK1Zumr+NGcnKTiJJjPAQ9UhHU45CIt10fEUGD7TShUEkdHEFx+rviRSFUo5CX3eGSPXltJeL/3mdRAVnbkp5nCjC8eSjIGFQRTCPBHapIFixkSYIC6p3hbiPdCxKB1fWIdjTJ8+S5lHVPq5a1yeV2kURRwnsgn1wCGxwCmrgCtRBA2DwCJ7BK3gznowX4934mLTOGcXMDvgD4/MHgdaYjg==</latexit>

@L
@wj

=
@L
@a

da

dz

@z

@wj
<latexit sha1_base64="xnq3LnUasaAU1YWzURPWKHiBwKo="></latexit>

@L
@a

=
a� y

a� a2
<latexit sha1_base64="pK9lWf32JF3U+STCZ9Q4yMcUW0s=">AAACJnicbVDLSsNAFJ34rPVVdelmsAhuLEkVdFMounHhooJ9QBPLzXTSDp08mJkIIeRr3PgrblxURNz5KU7agtp6YYbDOfdy7zluxJlUpvlpLC2vrK6tFzaKm1vbO7ulvf2WDGNBaJOEPBQdFyTlLKBNxRSnnUhQ8F1O2+7oOtfbj1RIFgb3Komo48MgYB4joDTVK9VsTwBJ7QiEYsCx7YMaEuDpbZb9sJDhGp52wmmS6Q8e0mqW9Upls2JOCi8CawbKaFaNXmls90MS+zRQhIOUXcuMlJPmawinWdGOJY2AjGBAuxoG4FPppBObGT7WTB97odAvUHjC/p5IwZcy8V3dmbuQ81pO/qd1Y+VdOikLoljRgEwXeTHHKsR5ZrjPBCWKJxoAEUzfiskQdBpKJ1vUIVjzlhdBq1qxzirVu/Ny/WoWRwEdoiN0gix0geroBjVQExH0hF7QGL0Zz8ar8W58TFuXjNnMAfpTxtc3wmGmiQ==</latexit>



Sebastian Raschka           STAT 453: Intro to Deep Learning          21

Learning Rule

Same gradient descent rule as before, for which we need

da

dz
=

e�z

(1 + e�z)2
= a · (1� a)

<latexit sha1_base64="X+n2XnvxOxUC3w83P3buPeSeaq0="></latexit>

@z

wj
= xj

<latexit sha1_base64="40WE11XvEWLFgqAkZI5o+xuoh3A=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQkgwYJUwcJYJPqQmihyXKd16ziR7QAlysLCr7AwgBAr/8DG3+C0GaDlSFc6Oude+97jx4xKZVnfxtz8wuLScmmlvLq2vrFpbm03ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPL3O/dUuEpBG/UaOYuCHqcRpQjJSWPHPPCQTCqRMjoShi8CFL77xBBs/hvTfwzIpVtcaAs8QuSAUUqHvml9ONcBISrjBDUnZsK1Zumr+NGcnKTiJJjPAQ9UhHU45CIt10fEUGD7TShUEkdHEFx+rviRSFUo5CX3eGSPXltJeL/3mdRAVnbkp5nCjC8eSjIGFQRTCPBHapIFixkSYIC6p3hbiPdCxKB1fWIdjTJ8+S5lHVPq5a1yeV2kURRwnsgn1wCGxwCmrgCtRBA2DwCJ7BK3gznowX4934mLTOGcXMDvgD4/MHgdaYjg==</latexit>

@L
@wj

=
@L
@a

da

dz

@z

@wj
<latexit sha1_base64="xnq3LnUasaAU1YWzURPWKHiBwKo="></latexit>

@L
@z

= a� y
<latexit sha1_base64="kkUy7q8HQza4pGhZASmaC6ztk6c=">AAACFnicbVDLSsNAFJ34rPVVdelmsAhuWpIq6EYounHhooJ9QBPKzXTSDp08mJkIMeQr3Pgrblwo4lbc+TdO2oLaemDgcM69d+49bsSZVKb5ZSwsLi2vrBbWiusbm1vbpZ3dlgxjQWiThDwUHRck5SygTcUUp51IUPBdTtvu6DL323dUSBYGtyqJqOPDIGAeI6C01CtVbE8ASe0IhGLAse2DGhLg6XWW/aj3GT7HUEl6pbJZNcfA88SakjKaotErfdr9kMQ+DRThIGXXMiPlpPlYwmlWtGNJIyAjGNCupgH4VDrp+KwMH2qlj71Q6BcoPFZ/d6TgS5n4rq7Mt5azXi7+53Vj5Z05KQuiWNGATD7yYo5ViPOMcJ8JShRPNAEimN4VkyHonJROsqhDsGZPnietWtU6rtZuTsr1i2kcBbSPDtARstApqqMr1EBNRNADekIv6NV4NJ6NN+N9UrpgTHv20B8YH9+m2J+j</latexit>

@L
@a

=
a� y

a� a2
<latexit sha1_base64="pK9lWf32JF3U+STCZ9Q4yMcUW0s=">AAACJnicbVDLSsNAFJ34rPVVdelmsAhuLEkVdFMounHhooJ9QBPLzXTSDp08mJkIIeRr3PgrblxURNz5KU7agtp6YYbDOfdy7zluxJlUpvlpLC2vrK6tFzaKm1vbO7ulvf2WDGNBaJOEPBQdFyTlLKBNxRSnnUhQ8F1O2+7oOtfbj1RIFgb3Komo48MgYB4joDTVK9VsTwBJ7QiEYsCx7YMaEuDpbZb9sJDhGp52wmmS6Q8e0mqW9Upls2JOCi8CawbKaFaNXmls90MS+zRQhIOUXcuMlJPmawinWdGOJY2AjGBAuxoG4FPppBObGT7WTB97odAvUHjC/p5IwZcy8V3dmbuQ81pO/qd1Y+VdOikLoljRgEwXeTHHKsR5ZrjPBCWKJxoAEUzfiskQdBpKJ1vUIVjzlhdBq1qxzirVu/Ny/WoWRwEdoiN0gix0geroBjVQExH0hF7QGL0Zz8ar8W58TFuXjNnMAfpTxtc3wmGmiQ==</latexit>
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Same gradient descent rule as for ADALINE & Linear Regression,  
for which we need

@L
@wj

=
@L
@a

da

dz

@z

@wj
<latexit sha1_base64="xnq3LnUasaAU1YWzURPWKHiBwKo="></latexit>

Learning Rule for Logistic Regression

da

dz
=

e�z

(1 + e�z)2
= a · (1� a)

<latexit sha1_base64="X+n2XnvxOxUC3w83P3buPeSeaq0="></latexit>

@z

wj
= xj

<latexit sha1_base64="40WE11XvEWLFgqAkZI5o+xuoh3A=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQkgwYJUwcJYJPqQmihyXKd16ziR7QAlysLCr7AwgBAr/8DG3+C0GaDlSFc6Oude+97jx4xKZVnfxtz8wuLScmmlvLq2vrFpbm03ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPL3O/dUuEpBG/UaOYuCHqcRpQjJSWPHPPCQTCqRMjoShi8CFL77xBBs/hvTfwzIpVtcaAs8QuSAUUqHvml9ONcBISrjBDUnZsK1Zumr+NGcnKTiJJjPAQ9UhHU45CIt10fEUGD7TShUEkdHEFx+rviRSFUo5CX3eGSPXltJeL/3mdRAVnbkp5nCjC8eSjIGFQRTCPBHapIFixkSYIC6p3hbiPdCxKB1fWIdjTJ8+S5lHVPq5a1yeV2kURRwnsgn1wCGxwCmrgCtRBA2DwCJ7BK3gznowX4934mLTOGcXMDvgD4/MHgdaYjg==</latexit>

@L
@z

= a� y
<latexit sha1_base64="kkUy7q8HQza4pGhZASmaC6ztk6c=">AAACFnicbVDLSsNAFJ34rPVVdelmsAhuWpIq6EYounHhooJ9QBPKzXTSDp08mJkIMeQr3Pgrblwo4lbc+TdO2oLaemDgcM69d+49bsSZVKb5ZSwsLi2vrBbWiusbm1vbpZ3dlgxjQWiThDwUHRck5SygTcUUp51IUPBdTtvu6DL323dUSBYGtyqJqOPDIGAeI6C01CtVbE8ASe0IhGLAse2DGhLg6XWW/aj3GT7HUEl6pbJZNcfA88SakjKaotErfdr9kMQ+DRThIGXXMiPlpPlYwmlWtGNJIyAjGNCupgH4VDrp+KwMH2qlj71Q6BcoPFZ/d6TgS5n4rq7Mt5azXi7+53Vj5Z05KQuiWNGATD7yYo5ViPOMcJ8JShRPNAEimN4VkyHonJROsqhDsGZPnietWtU6rtZuTsr1i2kcBbSPDtARstApqqMr1EBNRNADekIv6NV4NJ6NN+N9UrpgTHv20B8YH9+m2J+j</latexit>

@L
@a

=
a� y

a� a2
<latexit sha1_base64="pK9lWf32JF3U+STCZ9Q4yMcUW0s=">AAACJnicbVDLSsNAFJ34rPVVdelmsAhuLEkVdFMounHhooJ9QBPLzXTSDp08mJkIIeRr3PgrblxURNz5KU7agtp6YYbDOfdy7zluxJlUpvlpLC2vrK6tFzaKm1vbO7ulvf2WDGNBaJOEPBQdFyTlLKBNxRSnnUhQ8F1O2+7oOtfbj1RIFgb3Komo48MgYB4joDTVK9VsTwBJ7QiEYsCx7YMaEuDpbZb9sJDhGp52wmmS6Q8e0mqW9Upls2JOCi8CawbKaFaNXmls90MS+zRQhIOUXcuMlJPmawinWdGOJY2AjGBAuxoG4FPppBObGT7WTB97odAvUHjC/p5IwZcy8V3dmbuQ81pO/qd1Y+VdOikLoljRgEwXeTHHKsR5ZrjPBCWKJxoAEUzfiskQdBpKJ1vUIVjzlhdBq1qxzirVu/Ny/WoWRwEdoiN0gix0geroBjVQExH0hF7QGL0Zz8ar8W58TFuXjNnMAfpTxtc3wmGmiQ==</latexit> @L

@wj
= (a� y)xj

<latexit sha1_base64="CCnSRLdm1koWNFn0ONUfITUvuII=">AAACHXicbVC7SgNBFJ2N7/iKWtoMBiEWht0Y0EYQbSwsFMwDsmG5O5lNJpl9MDOrhmV/xMZfsbFQxMJG/BtnY0BNPDBwOOfeO/ceN+JMKtP8NHIzs3PzC4tL+eWV1bX1wsZmXYaxILRGQh6KpguSchbQmmKK02YkKPgupw13cJb5jRsqJAuDazWMaNuHbsA8RkBpySlUbU8ASewIhGLAse2D6hHgyUWa/qi3Tj/Fx7gE+8O9O6fvFIpm2RwBTxNrTIpojEun8G53QhL7NFCEg5Qty4xUO8mmE07TvB1LGgEZQJe2NA3Ap7KdjK5L8a5WOtgLhX6BwiP1d0cCvpRD39WV2fJy0svE/7xWrLyjdsKCKFY0IN8feTHHKsRZVLjDBCWKDzUBIpjeFZMe6LiUDjSvQ7AmT54m9UrZOihXrqrFk9NxHItoG+2gErLQITpB5+gS1RBB9+gRPaMX48F4Ml6Nt+/SnDHu2UJ/YHx8AboCokE=</latexit>
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Learning Rule for Logistic Regression

Remember the Linear Regression & ADALINE Lectures?

ŷ[i] := �
�
x[i]Tw + b

�
<latexit sha1_base64="oOGy76Ku6BuYykfyTG/uo81hVcc="></latexit>

(a)  

(b)  

(c)  

1. Initialize 

2. For every training epoch:

A. For every hx[i], y[i]i 2 D
<latexit sha1_base64="KiRtzBWzB6OcgzuVeAuk4oyYAnU=">AAACJHicbZDLSsNAFIYn9VbrLerSzWARXEhJRFBwU9SFywr2Akksk+mkHTqZhJmJGEIexo2v4saFF1y48VmctFlo64GBj//8hznn92NGpbKsL6OysLi0vFJdra2tb2xumds7HRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen648ui370nQtKI36o0Jl6IhpwGFCOlpb557jLEh4xAN0Rq5AfZQ36XOdTLj2CWlghdUXoon/owYtlV3jfrVsOaFJwHu4Q6KKvVN9/dQYSTkHCFGZLSsa1YeRkSimJG8pqbSBIjPEZD4mjkKCTSyyZH5vBAKwMYREI/ruBE/T2RoVDKNPS1s1hRzvYK8b+ek6jgzMsojxNFOJ5+FCQMqggWicEBFQQrlmpAWFC9K8QjJBBWOteaDsGePXkeOscNW/PNSb15UcZRBXtgHxwCG5yCJrgGLdAGGDyCZ/AK3own48X4MD6n1opRzuyCP2V8/wAUwKWr</latexit><latexit sha1_base64="KiRtzBWzB6OcgzuVeAuk4oyYAnU=">AAACJHicbZDLSsNAFIYn9VbrLerSzWARXEhJRFBwU9SFywr2Akksk+mkHTqZhJmJGEIexo2v4saFF1y48VmctFlo64GBj//8hznn92NGpbKsL6OysLi0vFJdra2tb2xumds7HRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen648ui370nQtKI36o0Jl6IhpwGFCOlpb557jLEh4xAN0Rq5AfZQ36XOdTLj2CWlghdUXoon/owYtlV3jfrVsOaFJwHu4Q6KKvVN9/dQYSTkHCFGZLSsa1YeRkSimJG8pqbSBIjPEZD4mjkKCTSyyZH5vBAKwMYREI/ruBE/T2RoVDKNPS1s1hRzvYK8b+ek6jgzMsojxNFOJ5+FCQMqggWicEBFQQrlmpAWFC9K8QjJBBWOteaDsGePXkeOscNW/PNSb15UcZRBXtgHxwCG5yCJrgGLdAGGDyCZ/AK3own48X4MD6n1opRzuyCP2V8/wAUwKWr</latexit><latexit sha1_base64="KiRtzBWzB6OcgzuVeAuk4oyYAnU=">AAACJHicbZDLSsNAFIYn9VbrLerSzWARXEhJRFBwU9SFywr2Akksk+mkHTqZhJmJGEIexo2v4saFF1y48VmctFlo64GBj//8hznn92NGpbKsL6OysLi0vFJdra2tb2xumds7HRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen648ui370nQtKI36o0Jl6IhpwGFCOlpb557jLEh4xAN0Rq5AfZQ36XOdTLj2CWlghdUXoon/owYtlV3jfrVsOaFJwHu4Q6KKvVN9/dQYSTkHCFGZLSsa1YeRkSimJG8pqbSBIjPEZD4mjkKCTSyyZH5vBAKwMYREI/ruBE/T2RoVDKNPS1s1hRzvYK8b+ek6jgzMsojxNFOJ5+FCQMqggWicEBFQQrlmpAWFC9K8QjJBBWOteaDsGePXkeOscNW/PNSb15UcZRBXtgHxwCG5yCJrgGLdAGGDyCZ/AK3own48X4MD6n1opRzuyCP2V8/wAUwKWr</latexit><latexit sha1_base64="KiRtzBWzB6OcgzuVeAuk4oyYAnU=">AAACJHicbZDLSsNAFIYn9VbrLerSzWARXEhJRFBwU9SFywr2Akksk+mkHTqZhJmJGEIexo2v4saFF1y48VmctFlo64GBj//8hznn92NGpbKsL6OysLi0vFJdra2tb2xumds7HRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen648ui370nQtKI36o0Jl6IhpwGFCOlpb557jLEh4xAN0Rq5AfZQ36XOdTLj2CWlghdUXoon/owYtlV3jfrVsOaFJwHu4Q6KKvVN9/dQYSTkHCFGZLSsa1YeRkSimJG8pqbSBIjPEZD4mjkKCTSyyZH5vBAKwMYREI/ruBE/T2RoVDKNPS1s1hRzvYK8b+ek6jgzMsojxNFOJ5+FCQMqggWicEBFQQrlmpAWFC9K8QjJBBWOteaDsGePXkeOscNW/PNSb15UcZRBXtgHxwCG5yCJrgGLdAGGDyCZ/AK3own48X4MD6n1opRzuyCP2V8/wAUwKWr</latexit>

learning rate

negative gradient

{ <latexit sha1_base64="HqmpBwZTVZzQ+LXmwMEWLfT2Iq0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6q3mXVva9V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A5wujWc=</latexit>

w := w + ⌘ ⇥ (�rwL)
<latexit sha1_base64="FphU47ufT+xxOU2mgSketA7ntqU="></latexit>

b := b+ ⌘ ⇥ (�rbL)
<latexit sha1_base64="4UyIQU5LvSnufAbl66XgeInFnL8=">AAACFnicbVDLSgNBEJz1bXxFPXoZDEJEEnZVUARB9OLBQwSjgWwIPZOJDpmdXWZ6hbDkK7z4K148KOJVvPk3Th4HNRY0FFXddHexREmLvv/lTUxOTc/Mzs3nFhaXllfyq2vXNk4NF1Ueq9jUGFihpBZVlKhELTECIqbEDeuc9f2be2GsjPUVdhPRiOBWy7bkgE5q5kuMHh1TtkNDgUBDlJGwtFiioQamoJmxXhgB3nFQ2UVvu5kv+GV/ADpOghEpkBEqzfxn2Ip5GgmNXIG19cBPsJGBQcmV6OXC1IoEeAduRd1RDW59Ixu81aNbTmnRdmxcaaQD9edEBpG13Yi5zv6N9q/XF//z6im2DxuZ1EmKQvPhonaqKMa0nxFtSSM4qq4jwI10t1J+BwY4uiRzLoTg78vj5Hq3HOyV/cv9wsnpKI45skE2SZEE5ICckHNSIVXCyQN5Ii/k1Xv0nr03733YOuGNZtbJL3gf32YVnbQ=</latexit>

Stochastic gradient descent

b := 0
<latexit sha1_base64="NlqcCPP+x7/BYO7u8+fZM6fVAMw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gKrkqiBUUQim5cVrAPaEOZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDFw7n3MucOX7MmdKO820V1tY3NreK26Wd3b39sn1w2FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7nN/M4jlYpF4kFPY+qFeCRYwAjWRhrY5X6I9dgPUn+Grq6RM7ArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkr9RNEYkwke0Z6hAodUeek8+AxVjTJEQSTNCI3m6u+LFIdKTUOTrZrFVMteJv7n9RIdXHopE3GiqSCLh4KEIx2hrAU0ZJISzaeGYCKZyYrIGEtMtOmqZEpwl7+8StpnNfe85tzXK42bvI4iHMMJnIILF9CAO2hCCwgk8Ayv8GY9WS/Wu/WxWC1Y+c0R/IH1+QOB5ZJS</latexit>

,w := 0 2 Rm

<latexit sha1_base64="Mfomg6E5yzFAwGhtc2m/19S/ZE0=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUmkoghC0Y3LKvYBTSyT6aQdOpmEmYlSQr7Bjb/ixoUibl2582+ctBG09cDAuefcy9x7vIhRqSzryyjMzS8sLhWXSyura+sb5uZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CLzW3dESBryGzWKiBugPqc+xUhpqWseOAFSA89P7lN4egZ/KiuFDuV56SXX6W3QNctWxRoDzhI7J2WQo941P51eiOOAcIUZkrJjW5FyEyQUxYykJSeWJEJ4iPqkoylHAZFuMj4phXta6UE/FPpxBcfq74kEBVKOAk93ZjvKaS8T//M6sfJP3ITyKFaE48lHfsygCmGWD+xRQbBiI00QFlTvCvEACYSVTrGkQ7CnT54lzcOKXa0cXVXLtfM8jiLYAbtgH9jgGNTAJaiDBsDgATyBF/BqPBrPxpvxPmktGPnMNvgD4+MbvimdiQ==</latexit>

<latexit sha1_base64="nC3yCzjiO1J3b6nJnQXsdO9Lp5A="></latexit>

rwL = �
�
y[i] � ŷ[i]

�
x[i]

<latexit sha1_base64="STMpIdUjsvqiSWykpJW9VxfMyIU="></latexit>

rbL = �
�
y[i] � ŷ[i]

�
<latexit sha1_base64="K9z+g4MxS6WXY81fktnsgIE2wT8=">AAACI3icbVDLSgNBEJz1bXxFPXoZDEI8JOyKqHgSvXjwEMFoILuG3slsMjj7YKZXWZb8ixd/xYsHRbx48F+cPEBNLGioqepmustPpNBo25/W1PTM7Nz8wmJhaXllda24vnGt41QxXmexjFXDB82liHgdBUreSBSH0Jf8xr876/s391xpEUdXmCXcC6ETiUAwQCO1iscUKhl1L3iASnS6CErFD7Ti+qJTzrPebd4UXo9WqNsF/Hn37d1WsWRX7QHoJHFGpERGqLWK7247ZmnII2QStG46doJeDgoFk7xXcFPNE2B30OFNQyMIufbywY09umOUNg1iZSpCOlB/T+QQap2FvukMAbt63OuL/3nNFIMjLxdRkiKP2PCjIJUUY9oPjLaF4gxlZggwJcyulHVBAUMTa8GE4IyfPEmu96rOQdW+3C+dnI7iWCBbZJuUiUMOyQk5JzVSJ4w8kmfySt6sJ+vFerc+hq1T1mhmk/yB9fUNVx+kGw==</latexit>

a� y , �
�
y[i] � ŷ[i]

�
Note
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x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

x2
<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>

xm
<latexit sha1_base64="tO2D7Y3xgQg9Al+NesydFPig0Xw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMh81hmZsWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKflgxwkNBR5IFjOCrZPun3qiV674VX8GtEyCnFQgR71X/ur2FUkFlZZwbEwn8BMbZlhbRjidlLqpoQkmIzygHUclFtSE2ezUCTpxSh/FSruSFs3U3xMZFsaMReQ6BbZDs+hNxf+8TmrjqzBjMkktlWS+KE45sgpN/0Z9pimxfOwIJpq5WxEZYo2JdemUXAjB4svLpHlWDc6r/t1FpXadx1GEIziGUwjgEmpwC3VoAIEBPMMrvHnce/HevY95a8HLZw7hD7zPH2dKjd4=</latexit>

...
<latexit sha1_base64="WpNQXWGDCKM4/OntNFktovhPtj4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6x6D1eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AMwZj0Q=</latexit>

w1
<latexit sha1_base64="ELWCbynYAUOpCjzaHAkeFZeonCw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEK1I2h</latexit>

w2
<latexit sha1_base64="UkXJNXFgsoaYDNhtSeqRDvmteSE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEMWI2i</latexit>

wm
<latexit sha1_base64="h0unGCJ4xKGg50glIcymfgWRMj4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMh81hmZpWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKflgxwkNBR5IFjOCrZPun3qiV674VX8GtEyCnFQgR71X/ur2FUkFlZZwbEwn8BMbZlhbRjidlLqpoQkmIzygHUclFtSE2ezUCTpxSh/FSruSFs3U3xMZFsaMReQ6BbZDs+hNxf+8TmrjqzBjMkktlWS+KE45sgpN/0Z9pimxfOwIJpq5WxEZYo2JdemUXAjB4svLpHlWDc6r/t1FpXadx1GEIziGUwjgEmpwC3VoAIEBPMMrvHnce/HevY95a8HLZw7hD7zPH2XEjd0=</latexit>

z =
X

i

wixi + b
<latexit sha1_base64="y28kwhVaFi9opSmbTnQuDDdVAuU=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFEIQyo4JuhKIblxXsA9phyKRpG5rMDElGrWMX/oobF4q49Tfc+Tem7Sy09cCBwzn3kpsTxJwp7TjfVm5ufmFxKb9cWFldW9+wN7dqKkokoVUS8Ug2AqwoZyGtaqY5bcSSYhFwWg/6l6O8fkulYlF4owcx9QTuhqzDCNbG8u2dB3SOWioRPkN3hveGhyjw7aJTcsZAs8LNRBEyVHz7q9WOSCJoqAnHSjVdJ9ZeiqVmhNNhoZUoGmPSx13aNDLEgiovHd8/RPvGaaNOJA1Djcbu740UC6UGIjCTAuuems5G5n9ZM9GdMy9lYZxoGpLJQ52EIx2hURmozSQlmg+MwEQycysiPSwx0aayginBnf7yrKgdldzjknN9UixfZHXkYRf24ABcOIUyXEEFqkDgEZ7hFd6sJ+vFerc+JqM5K9vZhj+wPn8AlHqUhQ==</latexit>

a = �(z)
<latexit sha1_base64="IQIN4eaasqBx41GaFiWbCLQdOvw=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQL2VXBb0IRS8eK9gPaJcym2bb0CS7JtlCXfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCsATTmTtG6Y4bQVKwoi4LQZDG+nfnNElWaRfDDjmPoC+pKFjICxkg/4Gnc06wsoP512iyW34s6Al4mXkRLKUOsWvzq9iCSCSkM4aN323Nj4KSjDCKeTQifRNAYyhD5tWypBUO2ns6Mn+MQqPRxGypY0eKb+nkhBaD0Wge0UYAZ60ZuK/3ntxIRXfspknBgqyXxRmHBsIjxNAPeYosTwsSVAFLO3YjIABcTYnAo2BG/x5WXSOKt45xX3/qJUvcniyKMjdIzKyEOXqIruUA3VEUGP6Bm9ojdn5Lw4787HvDXnZDOH6A+czx81lJEU</latexit>

"output"

• We can think of this part as a "separate" part that 
converts the neural network values into a class 
label, for example; e.g., via a threshold function

• Predicted class labels are not used during training 
(except by the Perceptron)

• ADALINE, Logistic Regression, and all common 
types of multi-layer neural networks don't use 
predicted class labels for optimization as a 
threshold function is not smooth

In logistic regression, we can use

which is the same as

ŷ :=

(
1 if z > 0.0

0 otherwise
<latexit sha1_base64="cklortJj6nSI4WrH9YsgU7/Dmec="></latexit>

ŷ :=

(
1 if �(z) > 0.5

0 otherwise
<latexit sha1_base64="9lvo4V06XdST2JY828AkV40AFE0="></latexit>

Class Label Predictions with Logistic Regression
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x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

x2
<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>

xm
<latexit sha1_base64="tO2D7Y3xgQg9Al+NesydFPig0Xw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMh81hmZsWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKflgxwkNBR5IFjOCrZPun3qiV674VX8GtEyCnFQgR71X/ur2FUkFlZZwbEwn8BMbZlhbRjidlLqpoQkmIzygHUclFtSE2ezUCTpxSh/FSruSFs3U3xMZFsaMReQ6BbZDs+hNxf+8TmrjqzBjMkktlWS+KE45sgpN/0Z9pimxfOwIJpq5WxEZYo2JdemUXAjB4svLpHlWDc6r/t1FpXadx1GEIziGUwjgEmpwC3VoAIEBPMMrvHnce/HevY95a8HLZw7hD7zPH2dKjd4=</latexit>

...
<latexit sha1_base64="WpNQXWGDCKM4/OntNFktovhPtj4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6x6D1eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AMwZj0Q=</latexit>

w1
<latexit sha1_base64="ELWCbynYAUOpCjzaHAkeFZeonCw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6WE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEK1I2h</latexit>

w2
<latexit sha1_base64="UkXJNXFgsoaYDNhtSeqRDvmteSE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEMWI2i</latexit>

wm
<latexit sha1_base64="h0unGCJ4xKGg50glIcymfgWRMj4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMh81hmZpWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKflgxwkNBR5IFjOCrZPun3qiV674VX8GtEyCnFQgR71X/ur2FUkFlZZwbEwn8BMbZlhbRjidlLqpoQkmIzygHUclFtSE2ezUCTpxSh/FSruSFs3U3xMZFsaMReQ6BbZDs+hNxf+8TmrjqzBjMkktlWS+KE45sgpN/0Z9pimxfOwIJpq5WxEZYo2JdemUXAjB4svLpHlWDc6r/t1FpXadx1GEIziGUwjgEmpwC3VoAIEBPMMrvHnce/HevY95a8HLZw7hD7zPH2XEjd0=</latexit>

z =
X

i

wixi + b
<latexit sha1_base64="y28kwhVaFi9opSmbTnQuDDdVAuU=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFEIQyo4JuhKIblxXsA9phyKRpG5rMDElGrWMX/oobF4q49Tfc+Tem7Sy09cCBwzn3kpsTxJwp7TjfVm5ufmFxKb9cWFldW9+wN7dqKkokoVUS8Ug2AqwoZyGtaqY5bcSSYhFwWg/6l6O8fkulYlF4owcx9QTuhqzDCNbG8u2dB3SOWioRPkN3hveGhyjw7aJTcsZAs8LNRBEyVHz7q9WOSCJoqAnHSjVdJ9ZeiqVmhNNhoZUoGmPSx13aNDLEgiovHd8/RPvGaaNOJA1Djcbu740UC6UGIjCTAuuems5G5n9ZM9GdMy9lYZxoGpLJQ52EIx2hURmozSQlmg+MwEQycysiPSwx0aayginBnf7yrKgdldzjknN9UixfZHXkYRf24ABcOIUyXEEFqkDgEZ7hFd6sJ+vFerc+JqM5K9vZhj+wPn8AlHqUhQ==</latexit>

a = �(z)
<latexit sha1_base64="IQIN4eaasqBx41GaFiWbCLQdOvw=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BItQL2VXBb0IRS8eK9gPaJcym2bb0CS7JtlCXfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCsATTmTtG6Y4bQVKwoi4LQZDG+nfnNElWaRfDDjmPoC+pKFjICxkg/4Gnc06wsoP512iyW34s6Al4mXkRLKUOsWvzq9iCSCSkM4aN323Nj4KSjDCKeTQifRNAYyhD5tWypBUO2ns6Mn+MQqPRxGypY0eKb+nkhBaD0Wge0UYAZ60ZuK/3ntxIRXfspknBgqyXxRmHBsIjxNAPeYosTwsSVAFLO3YjIABcTYnAo2BG/x5WXSOKt45xX3/qJUvcniyKMjdIzKyEOXqIruUA3VEUGP6Bm9ojdn5Lw4787HvDXnZDOH6A+czx81lJEU</latexit>

"output"

Class Label Predictions with Logistic Regression

In logistic regression, we can use

which is the same as

ŷ :=

(
1 if z > 0.0

0 otherwise
<latexit sha1_base64="cklortJj6nSI4WrH9YsgU7/Dmec="></latexit>

ŷ :=

(
1 if �(z) > 0.5

0 otherwise
<latexit sha1_base64="9lvo4V06XdST2JY828AkV40AFE0="></latexit>
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Logits and Cross Entropy

1. Logistic Regression as an Artificial Neuron

2. Negative Log-Likelihood Loss

3. Logistic Regression Learning Rule

4. Logits and Cross Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. OneHot Encoding and Multi-category Cross Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example
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About the Term "Logits"
"Logits" is a very commonly used Deep Learning jargon; 

probably inspired by the logits for logistic regression

• In deep learning, the logits are the net inputs of the the last neuron layer

• In statistics, we call the log-odds the logits

• In logistic regression, the logits are naturally           ...

... because log-odds is just short for "logarithm of the odds":   log( p/(1 - p) ) 

• In other words, the logits are the inverse of the logistic sigmoid function 

w>x
<latexit sha1_base64="Jo3LziiGqMgQIripXsv7w5mj1JU=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjMq6LLoxmUF+4DOWDJppg3NJEOSUcsw4MZfceNCEbf+hDv/xkw7grYeCJyccy/33hPEjCrtOF/W3PzC4tJyaaW8ura+sWlvbTeVSCQmDSyYkO0AKcIoJw1NNSPtWBIUBYy0guFF7rduiVRU8Gs9iokfoT6nIcVIG6lr73oR0oMgTO+yG0+LGP7877OuXXGqzhhwlrgFqYAC9a796fUETiLCNWZIqY7rxNpPkdQUM5KVvUSRGOEh6pOOoRxFRPnp+IYMHhilB0MhzeMajtXfHSmKlBpFganMN1TTXi7+53USHZ75KeVxognHk0FhwqAWMA8E9qgkWLORIQhLanaFeIAkwtrEVjYhuNMnz5LmUdU9rjpXJ5XaeRFHCeyBfXAIXHAKauAS1EEDYPAAnsALeLUerWfrzXqflM5ZRc8O+APr4xvyXJhZ</latexit>
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About the Term "Logits"

�(z) =
1

1 + exp(�z)
<latexit sha1_base64="08PC7OKbkYuD6oCeOTHg1/UEuv8=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vQIpZEBd0IRTcuK9gHNKFMppN26EwSZiZiG7J346+4caGIW3/AnX/jtM1CWw9cOJxzL/fe40WMSmVZ30ZuaXlldS2/XtjY3NreMXf3mjKMBSYNHLJQtD0kCaMBaSiqGGlHgiDuMdLyhtcTv3VPhKRhcKdGEXE56gfUpxgpLXXNoiNpn6PyuAIvoeMLhBM7TWx4BB3yEJWPx5W0a5asqjUFXCR2RkogQ71rfjm9EMecBAozJGXHtiLlJkgoihlJC04sSYTwEPVJR9MAcSLdZPpLCg+10oN+KHQFCk7V3xMJ4lKOuKc7OVIDOe9NxP+8Tqz8CzehQRQrEuDZIj9mUIVwEgzsUUGwYiNNEBZU3wrxAOlAlI6voEOw519eJM2Tqn1atW7PSrWrLI48OABFUAY2OAc1cAPqoAEweATP4BW8GU/Gi/FufMxac0Y2sw/+wPj8Aei1mQw=</latexit>

"Logits" is a very commonly used Deep Learning jargon; 
probably inspired by the logits for logistic regression

logit(�(z)) = log(�(z)/(1� �(z))) = z

<latexit sha1_base64="gF5oP/cVyhpaGP6OblH6oVYj8RU=">AAACIXicbVDLSsNAFJ3UV62vqEs3g0VIF9ZEKnYjFN24rGAf0IQymU7aoZMHMxOhDf0VN/6KGxeKdCf+jJM2UG09MHA451zu3ONGjAppml9abm19Y3Mrv13Y2d3bP9APj5oijDkmDRyykLddJAijAWlIKhlpR5wg32Wk5Q7vUr/1RLigYfAoRxFxfNQPqEcxkkrq6lUW9qk0bEH7PjLGpRK8gbbSFgq8gIYFz+EikmbGXb1ols0Z4CqxMlIEGepdfWr3Qhz7JJCYISE6lhlJJ0FcUszIpGDHgkQID1GfdBQNkE+Ek8wunMAzpfSgF3L1Agln6u+JBPlCjHxXJX0kB2LZS8X/vE4svaqT0CCKJQnwfJEXMyhDmNYFe5QTLNlIEYQ5VX+FeIA4wlKVWlAlWMsnr5LmZdmqlK8eKsXabVZHHpyAU2AAC1yDGrgHddAAGDyDV/AOPrQX7U371KbzaE7LZo7BH2jfPyWAn7w=</latexit>
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About the Term "Binary Cross Entropy"

• Negative log-likelihood and binary cross entropy are equivalent
• They are just formulated in different contexts
• Cross entropy comes from the "information theory" (computer science) 

perspective
• For those who took my previous STAT451: Machine Learning class, we have 

seen entropy (not-cross entropy though) in the context of decision trees (but with 
log2 instead of the natural log)

Ha(y) =
nX

i=1

KX

k=1

�y
[i]
k log

⇣
a
[i]
k

⌘

<latexit sha1_base64="317XvfRR8Hud4lpgkFF0rO8zrB0="></latexit>

Binary Cross Entropy

(Multi-category) Cross Entropy
 for K different class labels

Ha(y) = �
X

i

⇣
y
[i] log(a[i]) + (1� y

[i]) log(1� a
[i])

⌘

<latexit sha1_base64="95ojl1CfiktxvQ90gy4DeyHtlFs="></latexit>
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About the Term "Binary Cross Entropy"

• Negative log-likelihood and binary cross entropy are equivalent
• They are just formulated in different contexts
• Cross entropy comes from the "information theory" (computer science) 

perspective
• For those who took my previous STAT451: Machine Learning class, we have 

seen entropy (not-cross entropy though) in the context of decision trees (but with 
log2 instead of the natural log)

Ha(y) =
nX

i=1

KX

k=1

�y
[i]
k log

⇣
a
[i]
k

⌘

<latexit sha1_base64="317XvfRR8Hud4lpgkFF0rO8zrB0="></latexit>

Binary Cross Entropy

(Multi-category) Cross Entropy
 for K different class labels

Ha(y) = �
X

i

⇣
y
[i] log(a[i]) + (1� y

[i]) log(1� a
[i])

⌘

<latexit sha1_base64="95ojl1CfiktxvQ90gy4DeyHtlFs="></latexit>

This assumes one-hot encoding where the y's are either 0 or 1
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Logistic Regression Code Example
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Logits and Cross Entropy

1. Logistic Regression as an Artificial Neuron

2. Negative Log-Likelihood Loss

3. Logistic Regression Learning Rule

4. Logits and Cross Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. OneHot Encoding and Multi-category Cross Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example
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https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L08/code/
logistic-regression.ipynb

Logistic Regression Coding Example

https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L08/code/logistic-regression.ipynb
https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L08/code/logistic-regression.ipynb
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Multinomial Logistic Regression  
/ Softmax Regression

1. Logistic Regression as an Artificial Neuron

2. Negative Log-Likelihood Loss

3. Logistic Regression Learning Rule

4. Logits and Cross Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. OneHot Encoding and Multi-category Cross Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example
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MNIST - 60k Handwritten Digits

• Training set images: train-images-idx3-ubyte.gz (9.9 MB, 47 MB unzipped, and 60,000 examples) 
• Training set labels: train-labels-idx1-ubyte.gz (29 KB, 60 KB unzipped, and 60,000 labels) 
• Test set images: t10k-images-idx3-ubyte.gz (1.6 MB, 7.8 MB, unzipped and 10,000 examples) 
• Test set labels: t10k-labels-idx1-ubyte.gz (5 KB, 10 KB unzipped, and 10,000 labels)  

http://yann.lecun.com/exdb/mnist/

Image dimensions: 28x28x1

In NCHW, an image batch of 
128 examples would be a tensor with  
dimensions (128, 1, 28, 28) 

Balanced dataset: 
• 10 classes (digits 0-9)
• 6k digits per class

http://yann.lecun.com/exdb/mnist/
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MNIST - 60k Handwritten Digits

Illustration of different "7"s
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Image batch dimensions: torch.Size([128, 1, 28, 28])

Image label dimensions: torch.Size([128])

Convolutional Neural Networks (later)
"NCHW" representation

Data Representation (unstructured data; images)

Note that I normalized pixels
by factor 1/255 here
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Data Representation (unstructured data; images)

Softmax regression: "traditional method" Represent digit as a 
long vector of pixels

Note that I normalized pixels
by factor 1/255 here
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X
<latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit>

�
<latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit>

...

x1
<latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit>

x2
<latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit>

xm
<latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit>

w1
<latexit sha1_base64="ozSIzVA/SGXegmac4XRXthOpvw0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwosjZ8=</latexit><latexit sha1_base64="ozSIzVA/SGXegmac4XRXthOpvw0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwosjZ8=</latexit><latexit sha1_base64="ozSIzVA/SGXegmac4XRXthOpvw0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwosjZ8=</latexit><latexit sha1_base64="ozSIzVA/SGXegmac4XRXthOpvw0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwosjZ8=</latexit>

w2
<latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit><latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit><latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit><latexit sha1_base64="sAAe226MpFncoK5AcSpzzUnkA9I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlSQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwALsI2g</latexit>

wm
<latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit><latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit><latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit><latexit sha1_base64="3SltFZgdSbEccduFdJMJ4sVJM+s=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMquUpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2Ucjds=</latexit>

ŷ
<latexit sha1_base64="Vi95YwknFrFzcB5LyqgiYSoMf0U=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBfsBbSib7aZdutmE3YkQQn+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTO/m9e4T10bE6hGzhPsRHSsRCkbRWt3BhGKezYbVmlt3FyLr4BVQg0KtYfVrMIpZGnGFTFJj+p6boJ9TjYJJPqsMUsMTyqZ0zPsWFY248fPFujNyYZ0RCWNtn0KycH9P5DQyJosC2xlRnJjV2tz8r9ZPMbzxc6GSFLliy4/CVBKMyfx2MhKaM5SZBcq0sLsSNqGaMrQJVWwI3urJ69C5qnuWH65rzdsijjKcwTlcggcNaMI9tKANDKbwDK/w5iTOi/PufCxbS04xcwp/5Hz+ALHDj8o=</latexit><latexit sha1_base64="Vi95YwknFrFzcB5LyqgiYSoMf0U=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBfsBbSib7aZdutmE3YkQQn+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTO/m9e4T10bE6hGzhPsRHSsRCkbRWt3BhGKezYbVmlt3FyLr4BVQg0KtYfVrMIpZGnGFTFJj+p6boJ9TjYJJPqsMUsMTyqZ0zPsWFY248fPFujNyYZ0RCWNtn0KycH9P5DQyJosC2xlRnJjV2tz8r9ZPMbzxc6GSFLliy4/CVBKMyfx2MhKaM5SZBcq0sLsSNqGaMrQJVWwI3urJ69C5qnuWH65rzdsijjKcwTlcggcNaMI9tKANDKbwDK/w5iTOi/PufCxbS04xcwp/5Hz+ALHDj8o=</latexit><latexit sha1_base64="Vi95YwknFrFzcB5LyqgiYSoMf0U=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBfsBbSib7aZdutmE3YkQQn+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTO/m9e4T10bE6hGzhPsRHSsRCkbRWt3BhGKezYbVmlt3FyLr4BVQg0KtYfVrMIpZGnGFTFJj+p6boJ9TjYJJPqsMUsMTyqZ0zPsWFY248fPFujNyYZ0RCWNtn0KycH9P5DQyJosC2xlRnJjV2tz8r9ZPMbzxc6GSFLliy4/CVBKMyfx2MhKaM5SZBcq0sLsSNqGaMrQJVWwI3urJ69C5qnuWH65rzdsijjKcwTlcggcNaMI9tKANDKbwDK/w5iTOi/PufCxbS04xcwp/5Hz+ALHDj8o=</latexit><latexit sha1_base64="Vi95YwknFrFzcB5LyqgiYSoMf0U=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBfsBbSib7aZdutmE3YkQQn+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjuljc2t7Z3ybmVv/+DwqHp80jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTO/m9e4T10bE6hGzhPsRHSsRCkbRWt3BhGKezYbVmlt3FyLr4BVQg0KtYfVrMIpZGnGFTFJj+p6boJ9TjYJJPqsMUsMTyqZ0zPsWFY248fPFujNyYZ0RCWNtn0KycH9P5DQyJosC2xlRnJjV2tz8r9ZPMbzxc6GSFLliy4/CVBKMyfx2MhKaM5SZBcq0sLsSNqGaMrQJVWwI3urJ69C5qnuWH65rzdsijjKcwTlcggcNaMI9tKANDKbwDK/w5iTOi/PufCxbS04xcwp/5Hz+ALHDj8o=</latexit>

Inputs
<latexit sha1_base64="kW2ZbIA+FSvwKPaKbZPllX8WYNo=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXvRWwX5AG8pmu2mXbjZxd1Isob/DiwdFvPpjvPlv3LY5aOsLCw/vzLAzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+m9eaIayNi9YDjhPsR7SsRCkbRWn4H+RNmdypJ0Uy6pbJbcWciy+DlUIZctW7pq9OLWRpxhUxSY9qem6CfUY2CST4pdlLDE8qGtM/bFhWNuPGz2dITcmqdHgljbZ9CMnN/T2Q0MmYcBbYzojgwi7Wp+V+tnWJ45WdiehNXbP5RmEqCMZkmQHpCc4ZybIEyLeyuhA2opgxtTkUbgrd48jI0ziue5fuLcvU6j6MAx3ACZ+DBJVThFmpQBwaP8Ayv8OaMnBfn3fmYt644+cwR/JHz+QONXpKY</latexit><latexit sha1_base64="kW2ZbIA+FSvwKPaKbZPllX8WYNo=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXvRWwX5AG8pmu2mXbjZxd1Isob/DiwdFvPpjvPlv3LY5aOsLCw/vzLAzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+m9eaIayNi9YDjhPsR7SsRCkbRWn4H+RNmdypJ0Uy6pbJbcWciy+DlUIZctW7pq9OLWRpxhUxSY9qem6CfUY2CST4pdlLDE8qGtM/bFhWNuPGz2dITcmqdHgljbZ9CMnN/T2Q0MmYcBbYzojgwi7Wp+V+tnWJ45WdiehNXbP5RmEqCMZkmQHpCc4ZybIEyLeyuhA2opgxtTkUbgrd48jI0ziue5fuLcvU6j6MAx3ACZ+DBJVThFmpQBwaP8Ayv8OaMnBfn3fmYt644+cwR/JHz+QONXpKY</latexit><latexit sha1_base64="kW2ZbIA+FSvwKPaKbZPllX8WYNo=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXvRWwX5AG8pmu2mXbjZxd1Isob/DiwdFvPpjvPlv3LY5aOsLCw/vzLAzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+m9eaIayNi9YDjhPsR7SsRCkbRWn4H+RNmdypJ0Uy6pbJbcWciy+DlUIZctW7pq9OLWRpxhUxSY9qem6CfUY2CST4pdlLDE8qGtM/bFhWNuPGz2dITcmqdHgljbZ9CMnN/T2Q0MmYcBbYzojgwi7Wp+V+tnWJ45WdiehNXbP5RmEqCMZkmQHpCc4ZybIEyLeyuhA2opgxtTkUbgrd48jI0ziue5fuLcvU6j6MAx3ACZ+DBJVThFmpQBwaP8Ayv8OaMnBfn3fmYt644+cwR/JHz+QONXpKY</latexit><latexit sha1_base64="kW2ZbIA+FSvwKPaKbZPllX8WYNo=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXvRWwX5AG8pmu2mXbjZxd1Isob/DiwdFvPpjvPlv3LY5aOsLCw/vzLAzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+m9eaIayNi9YDjhPsR7SsRCkbRWn4H+RNmdypJ0Uy6pbJbcWciy+DlUIZctW7pq9OLWRpxhUxSY9qem6CfUY2CST4pdlLDE8qGtM/bFhWNuPGz2dITcmqdHgljbZ9CMnN/T2Q0MmYcBbYzojgwi7Wp+V+tnWJ45WdiehNXbP5RmEqCMZkmQHpCc4ZybIEyLeyuhA2opgxtTkUbgrd48jI0ziue5fuLcvU6j6MAx3ACZ+DBJVThFmpQBwaP8Ayv8OaMnBfn3fmYt644+cwR/JHz+QONXpKY</latexit>

Output
<latexit sha1_base64="gvQE9cb1Dja5lCiXX5pMwfJapj8=">AAAB9HicbZBNS8NAEIY3ftb6VfXoZbEInkoigh6LXrxZwX5AG8pmO2mXbjZxd1Isob/DiwdFvPpjvPlv3LY5aOsLCw/vzLAzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJnWmyPQRsTqAccJ+BHrKxEKztBafgfhCbO7FJMUJ91S2a24M9Fl8HIok1y1bumr04t5GoFCLpkxbc9N0M+YRsElTIqd1EDC+JD1oW1RsQiMn82WntBT6/RoGGv7FNKZ+3siY5Ex4yiwnRHDgVmsTc3/au0Uwys/E8qeBIrPPwpTSTGm0wRoT2jgKMcWGNfC7kr5gGnG0eZUtCF4iycvQ+O84lm+vyhXr/M4CuSYnJAz4pFLUiW3pEbqhJNH8kxeyZszcl6cd+dj3rri5DNH5I+czx+i4ZKm</latexit><latexit sha1_base64="gvQE9cb1Dja5lCiXX5pMwfJapj8=">AAAB9HicbZBNS8NAEIY3ftb6VfXoZbEInkoigh6LXrxZwX5AG8pmO2mXbjZxd1Isob/DiwdFvPpjvPlv3LY5aOsLCw/vzLAzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJnWmyPQRsTqAccJ+BHrKxEKztBafgfhCbO7FJMUJ91S2a24M9Fl8HIok1y1bumr04t5GoFCLpkxbc9N0M+YRsElTIqd1EDC+JD1oW1RsQiMn82WntBT6/RoGGv7FNKZ+3siY5Ex4yiwnRHDgVmsTc3/au0Uwys/E8qeBIrPPwpTSTGm0wRoT2jgKMcWGNfC7kr5gGnG0eZUtCF4iycvQ+O84lm+vyhXr/M4CuSYnJAz4pFLUiW3pEbqhJNH8kxeyZszcl6cd+dj3rri5DNH5I+czx+i4ZKm</latexit><latexit sha1_base64="gvQE9cb1Dja5lCiXX5pMwfJapj8=">AAAB9HicbZBNS8NAEIY3ftb6VfXoZbEInkoigh6LXrxZwX5AG8pmO2mXbjZxd1Isob/DiwdFvPpjvPlv3LY5aOsLCw/vzLAzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJnWmyPQRsTqAccJ+BHrKxEKztBafgfhCbO7FJMUJ91S2a24M9Fl8HIok1y1bumr04t5GoFCLpkxbc9N0M+YRsElTIqd1EDC+JD1oW1RsQiMn82WntBT6/RoGGv7FNKZ+3siY5Ex4yiwnRHDgVmsTc3/au0Uwys/E8qeBIrPPwpTSTGm0wRoT2jgKMcWGNfC7kr5gGnG0eZUtCF4iycvQ+O84lm+vyhXr/M4CuSYnJAz4pFLUiW3pEbqhJNH8kxeyZszcl6cd+dj3rri5DNH5I+czx+i4ZKm</latexit><latexit sha1_base64="gvQE9cb1Dja5lCiXX5pMwfJapj8=">AAAB9HicbZBNS8NAEIY3ftb6VfXoZbEInkoigh6LXrxZwX5AG8pmO2mXbjZxd1Isob/DiwdFvPpjvPlv3LY5aOsLCw/vzLAzb5BIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DBxqjnUeSxj3QqYASkU1FGghFaigUWBhGYwvJnWmyPQRsTqAccJ+BHrKxEKztBafgfhCbO7FJMUJ91S2a24M9Fl8HIok1y1bumr04t5GoFCLpkxbc9N0M+YRsElTIqd1EDC+JD1oW1RsQiMn82WntBT6/RoGGv7FNKZ+3siY5Ex4yiwnRHDgVmsTc3/au0Uwys/E8qeBIrPPwpTSTGm0wRoT2jgKMcWGNfC7kr5gGnG0eZUtCF4iycvQ+O84lm+vyhXr/M4CuSYnJAz4pFLUiW3pEbqhJNH8kxeyZszcl6cd+dj3rri5DNH5I+czx+i4ZKm</latexit>

Net input
<latexit sha1_base64="vnW9SOTDG2wSeqwpvMYjb0pYOfc=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWARXJVEBF0W3biSCvYCbSiT6Uk7dHJh5qRYQt/EjQtF3Pom7nwbp2kW2vrDwMd/zmHO+f1ECo2O822V1tY3NrfK25Wd3b39A/vwqKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++HZeb09AaRFHjzhNwAvZMBKB4AyN1bftHsITZveAVERJirO+XXVqTi66Cm4BVVKo0be/eoOYpyFEyCXTuus6CXoZUyi4hFmll2pIGB+zIXQNRiwE7WX55jN6ZpwBDWJlXoQ0d39PZCzUehr6pjNkONLLtbn5X62bYnDtZflJEPHFR0EqKcZ0HgMdCAUc5dQA40qYXSkfMcU4mrAqJgR3+eRVaF3UXMMPl9X6TRFHmZyQU3JOXHJF6uSONEiTcDIhz+SVvFmZ9WK9Wx+L1pJVzByTP7I+fwD13ZPb</latexit><latexit sha1_base64="vnW9SOTDG2wSeqwpvMYjb0pYOfc=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWARXJVEBF0W3biSCvYCbSiT6Uk7dHJh5qRYQt/EjQtF3Pom7nwbp2kW2vrDwMd/zmHO+f1ECo2O822V1tY3NrfK25Wd3b39A/vwqKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++HZeb09AaRFHjzhNwAvZMBKB4AyN1bftHsITZveAVERJirO+XXVqTi66Cm4BVVKo0be/eoOYpyFEyCXTuus6CXoZUyi4hFmll2pIGB+zIXQNRiwE7WX55jN6ZpwBDWJlXoQ0d39PZCzUehr6pjNkONLLtbn5X62bYnDtZflJEPHFR0EqKcZ0HgMdCAUc5dQA40qYXSkfMcU4mrAqJgR3+eRVaF3UXMMPl9X6TRFHmZyQU3JOXHJF6uSONEiTcDIhz+SVvFmZ9WK9Wx+L1pJVzByTP7I+fwD13ZPb</latexit><latexit sha1_base64="vnW9SOTDG2wSeqwpvMYjb0pYOfc=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWARXJVEBF0W3biSCvYCbSiT6Uk7dHJh5qRYQt/EjQtF3Pom7nwbp2kW2vrDwMd/zmHO+f1ECo2O822V1tY3NrfK25Wd3b39A/vwqKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++HZeb09AaRFHjzhNwAvZMBKB4AyN1bftHsITZveAVERJirO+XXVqTi66Cm4BVVKo0be/eoOYpyFEyCXTuus6CXoZUyi4hFmll2pIGB+zIXQNRiwE7WX55jN6ZpwBDWJlXoQ0d39PZCzUehr6pjNkONLLtbn5X62bYnDtZflJEPHFR0EqKcZ0HgMdCAUc5dQA40qYXSkfMcU4mrAqJgR3+eRVaF3UXMMPl9X6TRFHmZyQU3JOXHJF6uSONEiTcDIhz+SVvFmZ9WK9Wx+L1pJVzByTP7I+fwD13ZPb</latexit><latexit sha1_base64="vnW9SOTDG2wSeqwpvMYjb0pYOfc=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWARXJVEBF0W3biSCvYCbSiT6Uk7dHJh5qRYQt/EjQtF3Pom7nwbp2kW2vrDwMd/zmHO+f1ECo2O822V1tY3NrfK25Wd3b39A/vwqKXjVHFo8ljGquMzDVJE0ESBEjqJAhb6Etr++HZeb09AaRFHjzhNwAvZMBKB4AyN1bftHsITZveAVERJirO+XXVqTi66Cm4BVVKo0be/eoOYpyFEyCXTuus6CXoZUyi4hFmll2pIGB+zIXQNRiwE7WX55jN6ZpwBDWJlXoQ0d39PZCzUehr6pjNkONLLtbn5X62bYnDtZflJEPHFR0EqKcZ0HgMdCAUc5dQA40qYXSkfMcU4mrAqJgR3+eRVaF3UXMMPl9X6TRFHmZyQU3JOXHJF6uSONEiTcDIhz+SVvFmZ9WK9Wx+L1pJVzByTP7I+fwD13ZPb</latexit>

Activation
<latexit sha1_base64="yC0dBIEl9qTv0X7X9wtBoMi5o3k=">AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkoigh6rXjxWsB/QhrLZbtulm03YnVRL7E/x4kERr/4Sb/4bt2kO2vrCwsM7M8zsG8SCa3Tdb2tldW19Y7OwVdze2d3bt0sHDR0lirI6jUSkWgHRTHDJ6shRsFasGAkDwZrB6GZWb46Z0jyS9ziJmR+SgeR9Tgkaq2uXOsgeMb2iyMeZNe3aZbfiZnKWwcuhDLlqXfur04toEjKJVBCt254bo58ShZwKNi12Es1iQkdkwNoGJQmZ9tPs9KlzYpye04+UeRKdzP09kZJQ60kYmM6Q4FAv1mbmf7V2gv1LP+UyTpBJOl/UT4SDkTPLwelxxSiKiQFCFTe3OnRIFKFo0iqaELzFLy9D46ziGb47L1ev8zgKcATHcAoeXEAVbqEGdaDwAM/wCm/Wk/VivVsf89YVK585hD+yPn8ADeOUgA==</latexit><latexit sha1_base64="yC0dBIEl9qTv0X7X9wtBoMi5o3k=">AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkoigh6rXjxWsB/QhrLZbtulm03YnVRL7E/x4kERr/4Sb/4bt2kO2vrCwsM7M8zsG8SCa3Tdb2tldW19Y7OwVdze2d3bt0sHDR0lirI6jUSkWgHRTHDJ6shRsFasGAkDwZrB6GZWb46Z0jyS9ziJmR+SgeR9Tgkaq2uXOsgeMb2iyMeZNe3aZbfiZnKWwcuhDLlqXfur04toEjKJVBCt254bo58ShZwKNi12Es1iQkdkwNoGJQmZ9tPs9KlzYpye04+UeRKdzP09kZJQ60kYmM6Q4FAv1mbmf7V2gv1LP+UyTpBJOl/UT4SDkTPLwelxxSiKiQFCFTe3OnRIFKFo0iqaELzFLy9D46ziGb47L1ev8zgKcATHcAoeXEAVbqEGdaDwAM/wCm/Wk/VivVsf89YVK585hD+yPn8ADeOUgA==</latexit><latexit sha1_base64="yC0dBIEl9qTv0X7X9wtBoMi5o3k=">AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkoigh6rXjxWsB/QhrLZbtulm03YnVRL7E/x4kERr/4Sb/4bt2kO2vrCwsM7M8zsG8SCa3Tdb2tldW19Y7OwVdze2d3bt0sHDR0lirI6jUSkWgHRTHDJ6shRsFasGAkDwZrB6GZWb46Z0jyS9ziJmR+SgeR9Tgkaq2uXOsgeMb2iyMeZNe3aZbfiZnKWwcuhDLlqXfur04toEjKJVBCt254bo58ShZwKNi12Es1iQkdkwNoGJQmZ9tPs9KlzYpye04+UeRKdzP09kZJQ60kYmM6Q4FAv1mbmf7V2gv1LP+UyTpBJOl/UT4SDkTPLwelxxSiKiQFCFTe3OnRIFKFo0iqaELzFLy9D46ziGb47L1ev8zgKcATHcAoeXEAVbqEGdaDwAM/wCm/Wk/VivVsf89YVK585hD+yPn8ADeOUgA==</latexit><latexit sha1_base64="yC0dBIEl9qTv0X7X9wtBoMi5o3k=">AAAB+nicbZBNS8NAEIYnftb6lerRS7AInkoigh6rXjxWsB/QhrLZbtulm03YnVRL7E/x4kERr/4Sb/4bt2kO2vrCwsM7M8zsG8SCa3Tdb2tldW19Y7OwVdze2d3bt0sHDR0lirI6jUSkWgHRTHDJ6shRsFasGAkDwZrB6GZWb46Z0jyS9ziJmR+SgeR9Tgkaq2uXOsgeMb2iyMeZNe3aZbfiZnKWwcuhDLlqXfur04toEjKJVBCt254bo58ShZwKNi12Es1iQkdkwNoGJQmZ9tPs9KlzYpye04+UeRKdzP09kZJQ60kYmM6Q4FAv1mbmf7V2gv1LP+UyTpBJOl/UT4SDkTPLwelxxSiKiQFCFTe3OnRIFKFo0iqaELzFLy9D46ziGb47L1ev8zgKcATHcAoeXEAVbqEGdaDwAM/wCm/Wk/VivVsf89YVK585hD+yPn8ADeOUgA==</latexit>

b
<latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit>

Previous Approach for Binary Classes

In logistic regression, the activation can be 
interpreted as p(y=1|x)
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�
�
Wx+ b

�
= �(z) = a

<latexit sha1_base64="/QbEgZpCveSPt1IvM9Bwy+KVMG4="></latexit>

X
<latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit>

�
<latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit>

b
<latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit>

...

x1
<latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit>

x2
<latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit>

xm
<latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit>

X
<latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit>

�
<latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit>

b
<latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit>

X
<latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit>

�
<latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit><latexit sha1_base64="dwm2weui/za/rSvUQ73K/Rk4/5k=">AAAB7XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYC7VAyaaaNzWVIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzxylnxgbBt1daW9/Y3CpvV3Z29/YP/MOjllGZJrRJFFe6E2NDOZO0aZnltJNqikXMaTse387q7SeqDVPywU5SGgk8lCxhBFtntXqGDQXu+9WgFsyFViEsoAqFGn3/qzdQJBNUWsKxMd0wSG2UY20Z4XRa6WWGppiM8ZB2HUosqIny+bZTdOacAUqUdk9aNHd/T+RYGDMRsesU2I7Mcm1m/lfrZja5jnIm08xSSRYfJRlHVqHZ6WjANCWWTxxgopnbFZER1phYF1DFhRAun7wKrYta6Pj+slq/KeIowwmcwjmEcAV1uIMGNIHAIzzDK7x5ynvx3r2PRWvJK2aO4Y+8zx+cYY8j</latexit>

b
<latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit>

...

w1,1
<latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit><latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit><latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit><latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit>

w2,1
<latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit><latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit><latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit><latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit>

w3,1
<latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit><latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit><latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit><latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit>

wh,m
<latexit sha1_base64="Cp9cxDfIPDUv4JSMGrsgkLSEwuE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCnoMevEYwTwgWcLsZDYZMo9lZlYJSz7CiwdFvPo93vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR7dRvPVJtmJIPdpzQUOCBZDEj2Dqp9dTLhmdi0itX/Ko/A1omQU4qkKPeK391+4qkgkpLODamE/iJDTOsLSOcTkrd1NAEkxEe0I6jEgtqwmx27gSdOKWPYqVdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMZmklkoyXxSnHFmFpr+jPtOUWD52BBPN3K2IDLHGxLqESi6EYPHlZdI8rwYXVf/+slK7yeMowhEcwykEcAU1uIM6NIDACJ7hFd68xHvx3r2PeWvBy2cO4Q+8zx9ZDo+R</latexit>

a1
<latexit sha1_base64="BOU8IhEf1nCpOTJ2JoJhJKmU0Z0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5aCYJ8yMcSh5yisZKD9j3+uWKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/NTp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPYzLpPUMEkXi8JUEBOT2d9kwBWjRkwsQaq4vZXQESqkxqZTsiF4yy+vktZF1busuve1Sv0mj6MIJ3AK5+DBFdThDhrQBApDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP+lBjYs=</latexit>

a2
<latexit sha1_base64="i3V+Hv5zU7q3mZ39kUdT/gvBnUk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buouveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDqxY2M</latexit>

w1,m
<latexit sha1_base64="gThcg++Ch/42BHZvdGHqGQBbE5o=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNhVQY9BLx4jmAckS5idzCZD5rHOzCphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7S8srq2Xtgobm5t7+yW9vYbRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/Gbj1QbpuS9HSU0FLgvWcwItk5qPXWz4BSJcbdU9iv+FGiRBDkpQ45at/TV6SmSCiot4diYduAnNsywtoxwOi52UkMTTIa4T9uOSiyoCbPpvWN07JQeipV2JS2aqr8nMiyMGYnIdQpsB2bem4j/ee3UxldhxmSSWirJbFGccmQVmjyPekxTYvnIEUw0c7ciMsAaE+siKroQgvmXF0njrBKcV/y7i3L1Oo+jAIdwBCcQwCVU4RZqUAcCHJ7hFd68B+/Fe/c+Zq1LXj5zAH/gff4AXGuPhA==</latexit>

ah
<latexit sha1_base64="9Nv8FROaXwnMXAXl8cMxvlAH59s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9of9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndZde9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwA8rI3C</latexit>

activations are  
class-membership 

probabilities
(NOT mutually 

exclusive classes)

Another Approach Could be ...

where h is the number of classes

<latexit sha1_base64="aoc+0ohKHexWCejNdTunLs5CALE=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCmKkEIGCtYGAuiD6kJleM6rVXHiewbpCrKH7DwKywMIMTKysbf4LQdoOVIlo7PuVf33hMkgmtwnG9rYXFpeWW1tFZe39jc2rZ3dps6ThVlDRqLWLUDopngkjWAg2DtRDESBYK1guFV4bcemNI8lncwSpgfkb7kIacEjNS1j7yIwCAIs1aOPS7x5Btkt/l9NsAe8IhpHOVdu+JUnTHwPHGnpIKmqHftL68X0zRiEqggWndcJwE/Iwo4FSwve6lmCaFD0mcdQyUxc/xsfE+OD43Sw2GszJOAx+rvjoxEWo+iwFQW6+pZrxD/8zophBd+xmWSApN0MihMBYYYF+HgHleMghgZQqjiZldMB0QRCibCsgnBnT15njRPqu5Z1bk5rdQup3GU0D46QMfIReeohq5RHTUQRY/oGb2iN+vJerHerY9J6YI17dlDf2B9/gAjlpy5</latexit>

W 2 Rh⇥m
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X
<latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit>

b
<latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit>

...

x1
<latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit>

x2
<latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit>

xm
<latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit>

X
<latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit>

b
<latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit>

X
<latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit>

b
<latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit>

...

w1,1
<latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit><latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit><latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit><latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit>

w2,1
<latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit><latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit><latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit><latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit>

w3,1
<latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit><latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit><latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit><latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit>

wh,m
<latexit sha1_base64="Cp9cxDfIPDUv4JSMGrsgkLSEwuE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCnoMevEYwTwgWcLsZDYZMo9lZlYJSz7CiwdFvPo93vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR7dRvPVJtmJIPdpzQUOCBZDEj2Dqp9dTLhmdi0itX/Ko/A1omQU4qkKPeK391+4qkgkpLODamE/iJDTOsLSOcTkrd1NAEkxEe0I6jEgtqwmx27gSdOKWPYqVdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMZmklkoyXxSnHFmFpr+jPtOUWD52BBPN3K2IDLHGxLqESi6EYPHlZdI8rwYXVf/+slK7yeMowhEcwykEcAU1uIM6NIDACJ7hFd68xHvx3r2PeWvBy2cO4Q+8zx9ZDo+R</latexit>

a1
<latexit sha1_base64="BOU8IhEf1nCpOTJ2JoJhJKmU0Z0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5aCYJ8yMcSh5yisZKD9j3+uWKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/NTp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPYzLpPUMEkXi8JUEBOT2d9kwBWjRkwsQaq4vZXQESqkxqZTsiF4yy+vktZF1busuve1Sv0mj6MIJ3AK5+DBFdThDhrQBApDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP+lBjYs=</latexit>

a2
<latexit sha1_base64="i3V+Hv5zU7q3mZ39kUdT/gvBnUk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buouveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDqxY2M</latexit>

w1,m
<latexit sha1_base64="gThcg++Ch/42BHZvdGHqGQBbE5o=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNhVQY9BLx4jmAckS5idzCZD5rHOzCphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7S8srq2Xtgobm5t7+yW9vYbRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/Gbj1QbpuS9HSU0FLgvWcwItk5qPXWz4BSJcbdU9iv+FGiRBDkpQ45at/TV6SmSCiot4diYduAnNsywtoxwOi52UkMTTIa4T9uOSiyoCbPpvWN07JQeipV2JS2aqr8nMiyMGYnIdQpsB2bem4j/ee3UxldhxmSSWirJbFGccmQVmjyPekxTYvnIEUw0c7ciMsAaE+siKroQgvmXF0njrBKcV/y7i3L1Oo+jAIdwBCcQwCVU4RZqUAcCHJ7hFd68B+/Fe/c+Zq1LXj5zAH/gff4AXGuPhA==</latexit>

ah
<latexit sha1_base64="9Nv8FROaXwnMXAXl8cMxvlAH59s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9of9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndZde9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwA8rI3C</latexit>

S
O
F
T
M
A
X

ŷ
<latexit sha1_base64="tZJEutsQrxeutIXm3c/7pJnI1P8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0swm7EyGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu5nfeeLaiFg9YpZwP6IjJULBKFqp0x9TzLPpoFpz6+4cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6lGwSSfVvqp4QllEzriPUsVjbjx8/m5U3JmlSEJY21LIZmrvydyGhmTRYHtjCiOzbI3E//zeimGN34uVJIiV2yxKEwlwZjMfidDoTlDmVlCmRb2VsLGVFOGNqGKDcFbfnmVtC/q3mXdfbiqNW6LOMpwAqdwDh5cQwPuoQktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7Jrj8w=</latexit>}

<latexit sha1_base64="Jd3B4pbgSdF7SIopAY9TlbYYmUk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvcuqe1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB582jWk=</latexit>

...

activations are  
class-membership probabilities

(mutually exclusive classes)

argmax

predicted class label

�
�
Wx+ b

�
= �(z) = a

<latexit sha1_base64="/QbEgZpCveSPt1IvM9Bwy+KVMG4="></latexit>

Multinomial Logistic Regression  
/ Softmax Regression
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Representing Class Labels via Onehot 
Encoding for the Multi-category  
Cross Entropy Loss

1. Logistic Regression as an Artificial Neuron

2. Negative Log-Likelihood Loss

3. Logistic Regression Learning Rule

4. Logits and Cross Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. OneHot Encoding and Multi-category Cross Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example
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X
<latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit>

b
<latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit>

...

x1
<latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit>

x2
<latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit>

xm
<latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit><latexit sha1_base64="UZ/Cq01CQU77ibJgEHsrgiYApIY=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHirYW2qVk07QNTbJLMiuWpT/BiwdFvPqLvPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wsrq2vlHcLG1t7+zulfcPmjZODeMNFsvYtCJquRSaN1Cg5K3EcKoiyR+i0fW0/vDIjRWxvsdxwkNFB1r0BaPorLunruqWK37Vn4ksQ5BDBXLVu+WvTi9mqeIamaTWtgM/wTCjBgWTfFLqpJYnlI3ogLcdaqq4DbPZqhNy4pwe6cfGPY1k5v6eyKiydqwi16koDu1ibWr+V2un2L8MM6GTFLlm84/6qSQYk+ndpCcMZyjHDigzwu1K2JAaytClU3IhBIsnL0PzrBo4vj2v1K7yOIpwBMdwCgFcQA1uoA4NYDCAZ3iFN096L9679zFvLXj5zCH8kff5A2aijdw=</latexit>

X
<latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit>

b
<latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit>

X
<latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit><latexit sha1_base64="0Hc81E1zKREVtkdUaco0RSs+Ymk=">AAAB63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk02wbmmSXZFYoS/+CFw+KePUPefPfmLZ70NYXAg/vzJCZN0qlsOj7315pbX1jc6u8XdnZ3ds/qB4etW2SGcZbLJGJ6UTUcik0b6FAyTup4VRFkj9G49tZ/fGJGysS/YCTlIeKDrWIBaM4s3o2U/1qza/7c5FVCAqoQaFmv/rVGyQsU1wjk9TabuCnGObUoGCSTyu9zPKUsjEd8q5DTRW3YT7fdUrOnDMgcWLc00jm7u+JnCprJypynYriyC7XZuZ/tW6G8XWYC51myDVbfBRnkmBCZoeTgTCcoZw4oMwItythI2ooQxdPxYUQLJ+8Cu2LeuD4/rLWuCniKMMJnMI5BHAFDbiDJrSAwQie4RXePOW9eO/ex6K15BUzx/BH3ucPMe2OUw==</latexit>

b
<latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit><latexit sha1_base64="s6L+Z+fhtGywXDdOyCIOKOnOTTA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWYwKFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz/E44zm</latexit>

...

w1,1
<latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit><latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit><latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit><latexit sha1_base64="ZF3vYsxt5Ra5FfLkhvU5rMQVFEg=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgQcpGBD0WvXisYD+gXUo2zbah2eyaZJWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5QSKFsZ73jQorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4wworeTvRnEaB5K1gdDP1W49cGxGreztOuB/RgRKhYNQ6qf3Uy8gZJpNeueJVvRnwMiE5qUCOeq/81e3HLI24skxSYzrES6yfUW0Fk3xS6qaGJ5SN6IB3HFU04sbPZvdO8IlT+jiMtStl8Uz9PZHRyJhxFLjOiNqhWfSm4n9eJ7XhlZ8JlaSWKzZfFKYS2xhPn8d9oTmzcuwIZVq4WzEbUk2ZdRGVXAhk8eVl0jyvEq9K7i4qtes8jiIcwTGcAoFLqMEt1KEBDCQ8wyu8oQf0gt7Rx7y1gPKZQ/gD9PkDAJWPRg==</latexit>

w2,1
<latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit><latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit><latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit><latexit sha1_base64="lCNlQBBkjQDRmHJsOPZ4cr9iiP4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevFYwX5AG8pmu2mXbjZhd6KU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWaj/1s9qFN+2XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/vEpatarnVr37y0r9Jo+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Aqq+PHQ==</latexit>

w3,1
<latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit><latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit><latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit><latexit sha1_base64="B7DTHhae7DuJr9pcMe/8Guw78sE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gDWWznbRLN5uwu1FK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YhK81g+mHGCfkQHkoecUWOl1lMvuzjzJr1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEya51XPrXr3l5XaTR5HEY7gGE7BgyuowR3UoQEMRvAMr/DmJM6L8+58zFsLTj5zCH/gfP4ArDaPHg==</latexit>

wh,m
<latexit sha1_base64="Cp9cxDfIPDUv4JSMGrsgkLSEwuE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCnoMevEYwTwgWcLsZDYZMo9lZlYJSz7CiwdFvPo93vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR7dRvPVJtmJIPdpzQUOCBZDEj2Dqp9dTLhmdi0itX/Ko/A1omQU4qkKPeK391+4qkgkpLODamE/iJDTOsLSOcTkrd1NAEkxEe0I6jEgtqwmx27gSdOKWPYqVdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMZmklkoyXxSnHFmFpr+jPtOUWD52BBPN3K2IDLHGxLqESi6EYPHlZdI8rwYXVf/+slK7yeMowhEcwykEcAU1uIM6NIDACJ7hFd68xHvx3r2PeWvBy2cO4Q+8zx9ZDo+R</latexit>

a1
<latexit sha1_base64="BOU8IhEf1nCpOTJ2JoJhJKmU0Z0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5aCYJ8yMcSh5yisZKD9j3+uWKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/NTp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPYzLpPUMEkXi8JUEBOT2d9kwBWjRkwsQaq4vZXQESqkxqZTsiF4yy+vktZF1busuve1Sv0mj6MIJ3AK5+DBFdThDhrQBApDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP+lBjYs=</latexit>

a2
<latexit sha1_base64="i3V+Hv5zU7q3mZ39kUdT/gvBnUk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buouveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDqxY2M</latexit>

w1,m
<latexit sha1_base64="gThcg++Ch/42BHZvdGHqGQBbE5o=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNhVQY9BLx4jmAckS5idzCZD5rHOzCphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7S8srq2Xtgobm5t7+yW9vYbRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/Gbj1QbpuS9HSU0FLgvWcwItk5qPXWz4BSJcbdU9iv+FGiRBDkpQ45at/TV6SmSCiot4diYduAnNsywtoxwOi52UkMTTIa4T9uOSiyoCbPpvWN07JQeipV2JS2aqr8nMiyMGYnIdQpsB2bem4j/ee3UxldhxmSSWirJbFGccmQVmjyPekxTYvnIEUw0c7ciMsAaE+siKroQgvmXF0njrBKcV/y7i3L1Oo+jAIdwBCcQwCVU4RZqUAcCHJ7hFd68B+/Fe/c+Zq1LXj5zAH/gff4AXGuPhA==</latexit>

ah
<latexit sha1_base64="9Nv8FROaXwnMXAXl8cMxvlAH59s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9of9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndZde9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwA8rI3C</latexit>

S
O
F
T
M
A
X

ŷ
<latexit sha1_base64="tZJEutsQrxeutIXm3c/7pJnI1P8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0swm7EyGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu5nfeeLaiFg9YpZwP6IjJULBKFqp0x9TzLPpoFpz6+4cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6lGwSSfVvqp4QllEzriPUsVjbjx8/m5U3JmlSEJY21LIZmrvydyGhmTRYHtjCiOzbI3E//zeimGN34uVJIiV2yxKEwlwZjMfidDoTlDmVlCmRb2VsLGVFOGNqGKDcFbfnmVtC/q3mXdfbiqNW6LOMpwAqdwDh5cQwPuoQktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7Jrj8w=</latexit>}

<latexit sha1_base64="Jd3B4pbgSdF7SIopAY9TlbYYmUk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1Uvcuqe1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB582jWk=</latexit>

...

activations are  
class-membership probabilities

(mutually exclusive classes)

argmax

predicted class label

�
�
Wx+ b

�
= �(z) = a

<latexit sha1_base64="/QbEgZpCveSPt1IvM9Bwy+KVMG4="></latexit>

Multinomial Logistic Regression  
/ Softmax Regression
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Softmax Activation

(Essentially, softmax is just an exponential function that 
normalizes the activations so that they sum up to 1)

h is the number of class 
labels

<latexit sha1_base64="V8j5A6iR5D2GUt9Cy5Gj1DeXLvM=">AAAB+nicbVDLSsNAFJ34rPWV6tLN0CIIQkhcqMuiG5cV7AOaUibTSTt2MgkzN0qI/Qu3blwo4tYvcde/cfpYaOuBC4dz7uXee4JEcA2uO7ZWVtfWNzYLW8Xtnd29fbt00NBxqiir01jEqhUQzQSXrA4cBGslipEoEKwZDK8nfvOBKc1jeQdZwjoR6UseckrASF27BNjnEvv5PXYcBw/8UdeuuI47BV4m3pxUqmX/9HlczWpd+9vvxTSNmAQqiNZtz02gkxMFnAo2KvqpZgmhQ9JnbUMliZju5NPTR/jYKD0cxsqUBDxVf0/kJNI6iwLTGREY6EVvIv7ntVMILzs5l0kKTNLZojAVGGI8yQH3uGIURGYIoYqbWzEdEEUomLSKJgRv8eVl0jhzvHPHvTVpXKEZCugIldEJ8tAFqqIbVEN1RNEjekFv6N16sl6tD+tz1rpizWcO0R9YXz8gGpWY</latexit>

t 2 {j...h}

<latexit sha1_base64="fiE4U+9a793I09zG9ozW19c5ABM="></latexit>

P (y = t | z[i]t ) = �softmax(z
[i]
t ) =

ez
[i]
t

Ph
j=1 e

z[i]
j
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Onehot Encoding Needed

class labels

0

1

3

2

class_0 class_1 class_2 class_3

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0
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(Multi-category) Cross Entropy
 for h different class labels

Loss Function

This assumes one-hot encoded labels!

<latexit sha1_base64="kFIoYtn+53jGufDY/obVfNYfobE="></latexit>

L =
nX

i=1

hX

j=1

�y[i]j log
⇣
a[i]j

⌘
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(Multi-category) Cross Entropy
 for h different class labels

Loss Function

This assumes one-hot encoded labels!

Lbinary = �
nX

i=1

⇣
y[i] log(a[i]) + (1� y[i]) log(1� a[i])

⌘

<latexit sha1_base64="yXet7ZILZr+mu0wcVuYUJj1nIAg="></latexit>

<latexit sha1_base64="kFIoYtn+53jGufDY/obVfNYfobE="></latexit>

L =
nX

i=1

hX

j=1

�y[i]j log
⇣
a[i]j

⌘
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Yonehot =

2

664

1 0 0
0 1 0
0 0 1
0 0 1

3

775

<latexit sha1_base64="r2SB7imkoYtZ4PB0Ne2VU5SeeZs="></latexit>

(4 training examples, 3 classes)

Asoftmax outputs =

2

664

0.3792 0.3104 0.3104
0.3072 0.4147 0.2780
0.4263 0.2248 0.3490
0.2668 0.2978 0.4354

3

775

<latexit sha1_base64="qrAT6fCWjq89Mkg/zuTvMZ30BeE="></latexit>

Cross Entropy Loss Function Example
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Yonehot =

2

664

1 0 0
0 1 0
0 0 1
0 0 1

3

775

<latexit sha1_base64="r2SB7imkoYtZ4PB0Ne2VU5SeeZs="></latexit>

Asoftmax outputs =

2

664

0.3792 0.3104 0.3104
0.3072 0.4147 0.2780
0.4263 0.2248 0.3490
0.2668 0.2978 0.4354

3

775

<latexit sha1_base64="qrAT6fCWjq89Mkg/zuTvMZ30BeE="></latexit>

L[1] = [(�1) · log(0.3792)]
+ [(�0) · log(0.3104)]
+ [(�0) · log(0.3104)]
= 0.969692...

<latexit sha1_base64="T8crIJoo6QuGZHbM/AWf8Y1BfwE="></latexit>

1 training example

Cross Entropy Loss Function Example

(4 training examples, 3 classes)

<latexit sha1_base64="kFIoYtn+53jGufDY/obVfNYfobE="></latexit>

L =
nX

i=1

hX

j=1

�y[i]j log
⇣
a[i]j

⌘
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Yonehot =

2

664

1 0 0
0 1 0
0 0 1
0 0 1

3

775

<latexit sha1_base64="r2SB7imkoYtZ4PB0Ne2VU5SeeZs="></latexit>

Asoftmax outputs =

2

664

0.3792 0.3104 0.3104
0.3072 0.4147 0.2780
0.4263 0.2248 0.3490
0.2668 0.2978 0.4354

3

775

<latexit sha1_base64="qrAT6fCWjq89Mkg/zuTvMZ30BeE="></latexit>

L[1] = [(�1) · log(0.3792)]
+ [(�0) · log(0.3104)]
+ [(�0) · log(0.3104)]
= 0.969692...

<latexit sha1_base64="T8crIJoo6QuGZHbM/AWf8Y1BfwE="></latexit>

L[2] = [(�0) · log(0.3072)]
+ [(�1) · log(0.4147)]
+ [(�0) · log(0.2780)]
= 0.880200...

<latexit sha1_base64="qBEWFyMiedtj/S/FvCALaBwEdoY="></latexit>

L[3] = [(�0) · log(0.4263)]
+ [(�0) · log(0.2248)]
+ [(�1) · log(0.3490)]
= 1.05268...

<latexit sha1_base64="LdFFGMRemD7NcuIGupvdCARvlwg="></latexit>

L[4] = [(�0) · log(0.2668)]
+ [(�0) · log(0.2978)]
+ [(�1) · log(0.4354)]
= 0.831490...

<latexit sha1_base64="F8/BOpEg4+XIfeszu0SCHDZl6So="></latexit>

Cross Entropy Loss Function Example
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Cross Entropy Loss Function Example

Yonehot =

2

664

1 0 0
0 1 0
0 0 1
0 0 1

3

775

<latexit sha1_base64="r2SB7imkoYtZ4PB0Ne2VU5SeeZs="></latexit>

Asoftmax outputs =

2

664

0.3792 0.3104 0.3104
0.3072 0.4147 0.2780
0.4263 0.2248 0.3490
0.2668 0.2978 0.4354

3

775

<latexit sha1_base64="qrAT6fCWjq89Mkg/zuTvMZ30BeE="></latexit>

L[1] = [(�1) · log(0.3792)]
+ [(�0) · log(0.3104)]
+ [(�0) · log(0.3104)]
= 0.969692...

<latexit sha1_base64="T8crIJoo6QuGZHbM/AWf8Y1BfwE="></latexit>

L[2] = [(�0) · log(0.3072)]
+ [(�1) · log(0.4147)]
+ [(�0) · log(0.2780)]
= 0.880200...

<latexit sha1_base64="qBEWFyMiedtj/S/FvCALaBwEdoY="></latexit>

L[3] = [(�0) · log(0.4263)]
+ [(�0) · log(0.2248)]
+ [(�1) · log(0.3490)]
= 1.05268...

<latexit sha1_base64="LdFFGMRemD7NcuIGupvdCARvlwg="></latexit>

L[4] = [(�0) · log(0.2668)]
+ [(�0) · log(0.2978)]
+ [(�1) · log(0.4354)]
= 0.831490...

<latexit sha1_base64="F8/BOpEg4+XIfeszu0SCHDZl6So="></latexit>

⇡ 0.9335
<latexit sha1_base64="EP8/9x5fk9P49l1MIIbltreVHKU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbB07JrFfVW9OKxgv2Adi3ZNG1Ds5uQZNWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5oeRMG8/7dnJLyyura/n1wsbm1vZOcXevrkWiCK0RwYVqhlhTzmJaM8xw2pSK4ijktBEOryd+44EqzUR8Z0aSBhHux6zHCDZWum9jKZV4Qp57WS6fdYolz/WmQIvEz0gJMlQ7xa92V5AkorEhHGvd8j1pghQrwwin40I70VRiMsR92rI0xhHVQTq9eoyOrNJFPaFsxQZN1d8TKY60HkWh7YywGeh5byL+57US07sIUhbLxNCYzBb1Eo6MQJMIUJcpSgwfWYKJYvZWRAZYYWJsUAUbgj//8iKpn7h+2fVuT0uVqyyOPBzAIRyDD+dQgRuoQg0IKHiGV3hzHp0X5935mLXmnGxmH/7A+fwBr6GRUA==</latexit>

<latexit sha1_base64="tWQS66HOSmbmzVnV7rQrXw7ENTc="></latexit>

L =
1

n

nX

i=1

hX

j=1

�y[i]j log
⇣
a[i]j

⌘
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https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L07/code/
cross-entropy-pytorch.ipynb

Cross Entropy Hands-On Example

https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L07/code/cross-entropy-pytorch.ipynb
https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L07/code/cross-entropy-pytorch.ipynb
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Softmax Regression Derivatives 
for Gradient Descent

1. Logistic Regression as an Artificial Neuron

2. Negative Log-Likelihood Loss

3. Logistic Regression Learning Rule

4. Logits and Cross Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. OneHot Encoding and Multi-category Cross Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example
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@L
@b

<latexit sha1_base64="CzJkPPhV/EimeZl7tonjMWGfp+A=">AAACD3icbVDLSsNAFJ34rPVVdelmsCiuSqKCLotuXLioYB/QhHIznbRDJ5MwMxFKyB+48VfcuFDErVt3/o2TNoi2Hhg4nHPvnXuPH3OmtG1/WQuLS8srq6W18vrG5tZ2ZWe3paJEEtokEY9kxwdFORO0qZnmtBNLCqHPadsfXeV++55KxSJxp8cx9UIYCBYwAtpIvcqRG0ggqRuD1Ay4G4IeEuDpTZb9iNjPepWqXbMnwPPEKUgVFWj0Kp9uPyJJSIUmHJTqOnasvTQfSDjNym6iaAxkBAPaNVRASJWXTu7J8KFR+jiIpHlC44n6uyOFUKlx6JvKfF816+Xif1430cGFlzIRJ5oKMv0oSDjWEc7DwX0mKdF8bAgQycyumAzBBKRNhGUTgjN78jxpndSc05p9e1atXxZxlNA+OkDHyEHnqI6uUQM1EUEP6Am9oFfr0Xq23qz3aemCVfTsoT+wPr4Blfidnw==</latexit>

@L
@wi

<latexit sha1_base64="Dgi/ZVxSPPxGAv8U6jG/IqfRkZ4=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiQq6LLoxoWLCvYBTSg300k7dPJgZqKUkF9w46+4caGIW3fu/BsnbRBtPTBwOOfeO/ceL+ZMKsv6MkpLyyura+X1ysbm1vaOubvXllEiCG2RiEei64GknIW0pZjitBsLCoHHaccbX+Z+544KyaLwVk1i6gYwDJnPCCgt9c2a4wsgqRODUAy4E4AaEeDpdZb9iPi+z7K+WbXq1hR4kdgFqaICzb756QwikgQ0VISDlD3bipWb5iMJp1nFSSSNgYxhSHuahhBQ6abTizJ8pJUB9iOhX6jwVP3dkUIg5STwdGW+sZz3cvE/r5co/9xNWRgnioZk9pGfcKwinMeDB0xQovhEEyCC6V0xGYGOSOkQKzoEe/7kRdI+rtsndevmtNq4KOIoowN0iGrIRmeoga5QE7UQQQ/oCb2gV+PReDbejPdZackoevbRHxgf307+npA=</latexit>

Want: and

@L
@wi

=
@L
@a

da

dz

@z

@wi
<latexit sha1_base64="WhIEkFcRfs96scV6Ro9lqeTgv9Q="></latexit>

@L
@b

=
@L
@a

da

dz

@z

@b
<latexit sha1_base64="LDIuD9Nwtuz+yHfU14mtwSCeQTY=">AAACZnicjVFNSwMxEM2uX23VWlvEg5dgKXgquyroRSh68eChgv2AbimzabYNzX6QZIW67J/05tmLP8Nsu0htPTiQ8Hgzbybz4kacSWVZH4a5tb2zu1colvYPDstHleNqV4axILRDQh6KvguSchbQjmKK034kKPgupz139pDle69USBYGL2oe0aEPk4B5jIDS1KiSOp4AkjgRCMWAOz6oKQGePKXpD4ndFN/h/xRCmpeNNdTXW7om08xq21GlbjWtReBNYOegjvJojyrvzjgksU8DRThIObCtSA2TrCHhNC05saQRkBlM6EDDAHwqh8nCphQ3NDPGXij0CRResKuKBHwp577etpFtJ9dzGflXbhAr73aYsCCKFQ3IcpAXc6xCnHmOx0xQovhcAyCC6bdiMgXti9I/U9Im2Osrb4LuZdO+alrP1/XWfW5HAZ2hc3SBbHSDWugRtVEHEfRpFI2qUTO+zLJ5Yp4uS00j19TQrzDxNzISu58=</latexit>

The Same Overall Concept Applies ...
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Softmax Regression Sketch

x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

x2
<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>

a1
<latexit sha1_base64="BOU8IhEf1nCpOTJ2JoJhJKmU0Z0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5aCYJ8yMcSh5yisZKD9j3+uWKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/NTp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPYzLpPUMEkXi8JUEBOT2d9kwBWjRkwsQaq4vZXQESqkxqZTsiF4yy+vktZF1busuve1Sv0mj6MIJ3AK5+DBFdThDhrQBApDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP+lBjYs=</latexit>

a2
<latexit sha1_base64="i3V+Hv5zU7q3mZ39kUdT/gvBnUk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buouveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDqxY2M</latexit>

z1
<latexit sha1_base64="Ob3+IEXFhF5uWyRIGKNYQ89lNRY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEPZo2k</latexit>

z2
<latexit sha1_base64="Fu4lKsOvcUZQwXaZucoF3UmwwIs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEQ6o2l</latexit>

x3
<latexit sha1_base64="Vl7UISARgEOzg4Vrel1lEQ2OY8c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPvvFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3zqnt3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcPYo2k</latexit>

w1,2
<latexit sha1_base64="kHUrTxNuy7x9cWde1EAKYiYwcOw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY9OIxgnlAEsLsZDYZMju7zvQqYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpexzHvBvSgRKBYBSt1Hrqpd4ZqUx6xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOrt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmz5O+0JyhHFtCmRb2VsKGVFOGNqKCDcFbfHmZNCpl77zs3l2UqtdZHHk4gmM4BQ8uoQq3UIM6MJDwDK/w5jw4L8678zFvzTnZzCH8gfP5AwLEj0k=</latexit>

w2,3
<latexit sha1_base64="z+tvlBifhrFUzFYgY5ChOb/LRcM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNhNBD0GvXiMYB6QLGF2MkmGzM6uM71KWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWaj110/I5qUy6haJbcmcgy8TLSBEy1LqFr04vYknIFTJJjWl7box+SjUKJvkk30kMjykb0QFvW6poyI2fzu6dkFOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqK8DcFbfHmZNMolr1Jy7y6K1essjhwcwwmcgQeXUIVbqEEdGEh4hld4cx6cF+fd+Zi3rjjZzBH8gfP5AwXRj0s=</latexit>

L(a,y)
<latexit sha1_base64="7mhbgnkz2qOlabiyVwMBPtkbT9k=">AAACDHicbZDLSsNAFIYn9VbrrerSzdAiVJSS6EKXRTcuXFSwF2hCmUwn7dDJJMxMhBDyAG5c+R5uXCji1gdw17dxklbQ1h8GPv5zDnPO74aMSmWaE6OwtLyyulZcL21sbm3vlHf32jKIBCYtHLBAdF0kCaOctBRVjHRDQZDvMtJxx1dZvXNPhKQBv1NxSBwfDTn1KEZKW/1y1faRGmHEkpu0lrPrJSg9gT8cp0e6y6ybueAiWDOoNir28dOkETf75S97EODIJ1xhhqTsWWaonAQJRTEjacmOJAkRHqMh6WnkyCfSSfJjUnionQH0AqEfVzB3f08kyJcy9l3dma0o52uZ+V+tFynvwkkoDyNFOJ5+5EUMqgBmycABFQQrFmtAWFC9K8QjJBBWOr+SDsGaP3kR2qd166xu3uo0LsFURXAAKqAGLHAOGuAaNEELYPAAnsEreDMejRfj3fiYthaM2cw++CPj8xsKjJ6T</latexit>

The activation function 
(softmax) would be applied 

here to obtain the activations

Note that I put the logits (net inputs) as the intermediate step

(This is NOT a multi-layer neural network; still 1-layer, no hidden layer)
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Softmax Regression Sketch

Multivariable
chain rule

(bias not shown)

(no weight betw. z & a)

a1(1 − a1) −a2a1x2 x2

<latexit sha1_base64="/t2IvmO4ZDbtwN0SBlrFmBhfKQ4="></latexit>

@L

@w1,2
=

@L

@a1

@a1
@z1

@z1
@w1,2

+
@L

@a2

@a2
@z1

@z1
@w1,2

−
y1

a1
−

y2

a2

x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

x2
<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>

a1
<latexit sha1_base64="BOU8IhEf1nCpOTJ2JoJhJKmU0Z0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5aCYJ8yMcSh5yisZKD9j3+uWKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/NTp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPYzLpPUMEkXi8JUEBOT2d9kwBWjRkwsQaq4vZXQESqkxqZTsiF4yy+vktZF1busuve1Sv0mj6MIJ3AK5+DBFdThDhrQBApDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP+lBjYs=</latexit>

a2
<latexit sha1_base64="i3V+Hv5zU7q3mZ39kUdT/gvBnUk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buouveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDqxY2M</latexit>

z1
<latexit sha1_base64="Ob3+IEXFhF5uWyRIGKNYQ89lNRY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEPZo2k</latexit>

z2
<latexit sha1_base64="Fu4lKsOvcUZQwXaZucoF3UmwwIs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEQ6o2l</latexit>

x3
<latexit sha1_base64="Vl7UISARgEOzg4Vrel1lEQ2OY8c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPvvFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3zqnt3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcPYo2k</latexit>

w1,2
<latexit sha1_base64="kHUrTxNuy7x9cWde1EAKYiYwcOw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY9OIxgnlAEsLsZDYZMju7zvQqYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpexzHvBvSgRKBYBSt1Hrqpd4ZqUx6xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOrt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmz5O+0JyhHFtCmRb2VsKGVFOGNqKCDcFbfHmZNCpl77zs3l2UqtdZHHk4gmM4BQ8uoQq3UIM6MJDwDK/w5jw4L8678zFvzTnZzCH8gfP5AwLEj0k=</latexit>

w2,3
<latexit sha1_base64="z+tvlBifhrFUzFYgY5ChOb/LRcM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNhNBD0GvXiMYB6QLGF2MkmGzM6uM71KWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWaj110/I5qUy6haJbcmcgy8TLSBEy1LqFr04vYknIFTJJjWl7box+SjUKJvkk30kMjykb0QFvW6poyI2fzu6dkFOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqK8DcFbfHmZNMolr1Jy7y6K1essjhwcwwmcgQeXUIVbqEEdGEh4hld4cx6cF+fd+Zi3rjjZzBH8gfP5AwXRj0s=</latexit>

L(a,y)
<latexit sha1_base64="7mhbgnkz2qOlabiyVwMBPtkbT9k=">AAACDHicbZDLSsNAFIYn9VbrrerSzdAiVJSS6EKXRTcuXFSwF2hCmUwn7dDJJMxMhBDyAG5c+R5uXCji1gdw17dxklbQ1h8GPv5zDnPO74aMSmWaE6OwtLyyulZcL21sbm3vlHf32jKIBCYtHLBAdF0kCaOctBRVjHRDQZDvMtJxx1dZvXNPhKQBv1NxSBwfDTn1KEZKW/1y1faRGmHEkpu0lrPrJSg9gT8cp0e6y6ybueAiWDOoNir28dOkETf75S97EODIJ1xhhqTsWWaonAQJRTEjacmOJAkRHqMh6WnkyCfSSfJjUnionQH0AqEfVzB3f08kyJcy9l3dma0o52uZ+V+tFynvwkkoDyNFOJ5+5EUMqgBmycABFQQrFmtAWFC9K8QjJBBWOr+SDsGaP3kR2qd166xu3uo0LsFURXAAKqAGLHAOGuAaNEELYPAAnsEreDMejRfj3fiYthaM2cw++CPj8xsKjJ6T</latexit>
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<latexit sha1_base64="/t2IvmO4ZDbtwN0SBlrFmBhfKQ4="></latexit>
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−
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<latexit sha1_base64="xrPD+U6bapTK8XhG0NptDyBiJG4="></latexit>

@L

@a1
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@

@a1

2

4
hX

j=1

�yj log (aj)

3

5

<latexit sha1_base64="uD9RculIeSDqprV0R+ZA8GtPUYI="></latexit>

=
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= −
y1

a1
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a1(1 − a1)

<latexit sha1_base64="/t2IvmO4ZDbtwN0SBlrFmBhfKQ4="></latexit>
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@w1,2
=

@L

@a1

@a1
@z1

@z1
@w1,2

+
@L

@a2

@a2
@z1

@z1
@w1,2

<latexit sha1_base64="gdkCNlOcQkeFPZ/gS7Ed8mQ1Ulk="></latexit>

@a1
@z1

=
@

@z1

"
ez1

Ph
j=1 e

zj

#

DRAFT

APPENDIX D. CALCULUS AND DIFFERENTIATION PRIMER 10

Function Derivative

Sum Rule f(x) + g(x) f
Õ(x) + g

Õ(x)
Difference Rule f(x) ≠ g(x) f

Õ(x) ≠ g
Õ(x)

Product Rule f(x)g(x) f
Õ(x)g(x) + f(x)gÕ(x)

Quotient Rule f(x)/g(x) [g(x)f Õ(x) ≠ f(x)gÕ(x)]/[g(x)]2

Reciprocal Rule 1/f(x) ≠[f Õ(x)]/[f(x)]2

Chain Rule f(g(x)) f
Õ(g(x))gÕ(x)

Table D.2: Common differentiation rules.

D.4 The Chain Rule – Computing the Derivative of a
Composition of Functions

The chain rule is essential to understanding backpropagation; thus, let us
discuss it in more detail. In its essence, the chain rule is just a mental crutch

that we use to differentiate composite functions, functions that are nested
within each other. For example,

F (x) = f(g(x)). (D.10)

To differentiate such a function F , we can use this chain rule, which we
can break down to a three-step procedure. First, we compute the derivative
of the outer function (f Õ) with respect to the inner function (g). Second, we
compute the derivative of the inner function (gÕ) with respect to its function
argument (x). Third, we multiply the outcome of step 1 and step 2:

F
Õ(x) = f

Õ(g(x))gÕ(x). (D.11)

Since this notation may look quite daunting, let us use a more visual ap-
proach, breaking down the function F into individual steps as illustrated
in Figure D.3: We take the argument x, feed it to g, then, we take the out-
come of g(x) and feed it to f .

<latexit sha1_base64="2UeOW8Ovo9kSK8BTW5tPWJIdSJU="></latexit>
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<latexit sha1_base64="3PTs7WXJJy2XWrbgu9GCDkU3iSU="></latexit>
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<latexit sha1_base64="oNygO+LQjYSQtVlQHH9SPJHH47Y="></latexit>
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<latexit sha1_base64="HQUJz/p7YP9xWydINojsrX/NI78="></latexit>

=
ez1hPh
j=1 e

zj
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hPh
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� ez1

hPh
j=1 e

zj
i = a1(1 − a1)
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<latexit sha1_base64="/t2IvmO4ZDbtwN0SBlrFmBhfKQ4="></latexit>

@L

@w1,2
=

@L

@a1

@a1
@z1

@z1
@w1,2

+
@L

@a2

@a2
@z1

@z1
@w1,2

DRAFT

APPENDIX D. CALCULUS AND DIFFERENTIATION PRIMER 10

Function Derivative

Sum Rule f(x) + g(x) f
Õ(x) + g

Õ(x)
Difference Rule f(x) ≠ g(x) f

Õ(x) ≠ g
Õ(x)

Product Rule f(x)g(x) f
Õ(x)g(x) + f(x)gÕ(x)

Quotient Rule f(x)/g(x) [g(x)f Õ(x) ≠ f(x)gÕ(x)]/[g(x)]2

Reciprocal Rule 1/f(x) ≠[f Õ(x)]/[f(x)]2

Chain Rule f(g(x)) f
Õ(g(x))gÕ(x)

Table D.2: Common differentiation rules.

D.4 The Chain Rule – Computing the Derivative of a
Composition of Functions

The chain rule is essential to understanding backpropagation; thus, let us
discuss it in more detail. In its essence, the chain rule is just a mental crutch

that we use to differentiate composite functions, functions that are nested
within each other. For example,

F (x) = f(g(x)). (D.10)

To differentiate such a function F , we can use this chain rule, which we
can break down to a three-step procedure. First, we compute the derivative
of the outer function (f Õ) with respect to the inner function (g). Second, we
compute the derivative of the inner function (gÕ) with respect to its function
argument (x). Third, we multiply the outcome of step 1 and step 2:

F
Õ(x) = f

Õ(g(x))gÕ(x). (D.11)

Since this notation may look quite daunting, let us use a more visual ap-
proach, breaking down the function F into individual steps as illustrated
in Figure D.3: We take the argument x, feed it to g, then, we take the out-
come of g(x) and feed it to f .
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<latexit sha1_base64="uOC8UJfJbPOKlvPYpnegcYxqbNc="></latexit>
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<latexit sha1_base64="5YT2WdYGE9sM/A76HGGnAFJl4r0="></latexit>
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<latexit sha1_base64="2CqujJhvwdMiEKFGw43xUfDG69o="></latexit>
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x2

<latexit sha1_base64="/t2IvmO4ZDbtwN0SBlrFmBhfKQ4="></latexit>
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@w1,2
=
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@a1

@a1
@z1

@z1
@w1,2

+
@L

@a2

@a2
@z1

@z1
@w1,2

<latexit sha1_base64="UYeEkgtvdqa7SN1hpyyQHGCtpXQ="></latexit>

=
@

@w1,2
[w1,2 · x2 + b]

= x2
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Softmax Regression Sketch

Multivariable
chain rule

@L

@w1,2
=

@L

@a1

@a1
@z1

@z1
@w1,2

+
@L

@a2

@a2
@z1

@z1
@w1,2

=
�y1
a1

[a1(1� a1)]x2 +
�y2
a2

(�a2a1)x2

= (y2a1 � y1 + y1a1)x2

= (a1(y1 + y2)� y1)x2

= �(y1 � a1)x2
<latexit sha1_base64="NgPLZXFclqx98sbUgTvd3iE2PLI="></latexit>

(bias not shown)

(no weight betw. z & a)

x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

x2
<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>

a1
<latexit sha1_base64="BOU8IhEf1nCpOTJ2JoJhJKmU0Z0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5aCYJ8yMcSh5yisZKD9j3+uWKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/NTp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPYzLpPUMEkXi8JUEBOT2d9kwBWjRkwsQaq4vZXQESqkxqZTsiF4yy+vktZF1busuve1Sv0mj6MIJ3AK5+DBFdThDhrQBApDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP+lBjYs=</latexit>

a2
<latexit sha1_base64="i3V+Hv5zU7q3mZ39kUdT/gvBnUk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buouveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDqxY2M</latexit>

z1
<latexit sha1_base64="Ob3+IEXFhF5uWyRIGKNYQ89lNRY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEPZo2k</latexit>

z2
<latexit sha1_base64="Fu4lKsOvcUZQwXaZucoF3UmwwIs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEQ6o2l</latexit>

x3
<latexit sha1_base64="Vl7UISARgEOzg4Vrel1lEQ2OY8c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPvvFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3zqnt3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcPYo2k</latexit>

w1,2
<latexit sha1_base64="kHUrTxNuy7x9cWde1EAKYiYwcOw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY9OIxgnlAEsLsZDYZMju7zvQqYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpexzHvBvSgRKBYBSt1Hrqpd4ZqUx6xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOrt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmz5O+0JyhHFtCmRb2VsKGVFOGNqKCDcFbfHmZNCpl77zs3l2UqtdZHHk4gmM4BQ8uoQq3UIM6MJDwDK/w5jw4L8678zFvzTnZzCH8gfP5AwLEj0k=</latexit>

w2,3
<latexit sha1_base64="z+tvlBifhrFUzFYgY5ChOb/LRcM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNhNBD0GvXiMYB6QLGF2MkmGzM6uM71KWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWaj110/I5qUy6haJbcmcgy8TLSBEy1LqFr04vYknIFTJJjWl7box+SjUKJvkk30kMjykb0QFvW6poyI2fzu6dkFOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqK8DcFbfHmZNMolr1Jy7y6K1essjhwcwwmcgQeXUIVbqEEdGEh4hld4cx6cF+fd+Zi3rjjZzBH8gfP5AwXRj0s=</latexit>

L(a,y)
<latexit sha1_base64="7mhbgnkz2qOlabiyVwMBPtkbT9k=">AAACDHicbZDLSsNAFIYn9VbrrerSzdAiVJSS6EKXRTcuXFSwF2hCmUwn7dDJJMxMhBDyAG5c+R5uXCji1gdw17dxklbQ1h8GPv5zDnPO74aMSmWaE6OwtLyyulZcL21sbm3vlHf32jKIBCYtHLBAdF0kCaOctBRVjHRDQZDvMtJxx1dZvXNPhKQBv1NxSBwfDTn1KEZKW/1y1faRGmHEkpu0lrPrJSg9gT8cp0e6y6ybueAiWDOoNir28dOkETf75S97EODIJ1xhhqTsWWaonAQJRTEjacmOJAkRHqMh6WnkyCfSSfJjUnionQH0AqEfVzB3f08kyJcy9l3dma0o52uZ+V+tFynvwkkoDyNFOJ5+5EUMqgBmycABFQQrFmtAWFC9K8QjJBBWOr+SDsGaP3kR2qd166xu3uo0LsFURXAAKqAGLHAOGuAaNEELYPAAnsEreDMejRfj3fiYthaM2cw++CPj8xsKjJ6T</latexit>



Sebastian Raschka           STAT 453: Intro to Deep Learning          62

rWL = �(X>(Y �A))>
<latexit sha1_base64="GdG1BYfv4IPLPfL1mUy/Z43wYxc="></latexit>

Vectorized Form:

where

Softmax Regression Sketch

@L

@w1,2
=

@L

@a1

@a1
@z1

@z1
@w1,2

+
@L

@a2

@a2
@z1

@z1
@w1,2

=
�y1
a1

[a1(1� a1)]x2 +
�y2
a2

(�a2a1)x2

= (y2a1 � y1 + y1a1)x2

= (a1(y1 + y2)� y1)x2

= �(y1 � a1)x2
<latexit sha1_base64="NgPLZXFclqx98sbUgTvd3iE2PLI="></latexit>

x1
<latexit sha1_base64="5HJHR/B9CHeIlPgqihTyAybn2c4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+p5vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEMWo2i</latexit>

x2
<latexit sha1_base64="gBTwEt+X3BPX1KgMo6lYVWIC09o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEN3o2j</latexit>

a1
<latexit sha1_base64="BOU8IhEf1nCpOTJ2JoJhJKmU0Z0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5aCYJ8yMcSh5yisZKD9j3+uWKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/NTp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPYzLpPUMEkXi8JUEBOT2d9kwBWjRkwsQaq4vZXQESqkxqZTsiF4yy+vktZF1busuve1Sv0mj6MIJ3AK5+DBFdThDhrQBApDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP+lBjYs=</latexit>

a2
<latexit sha1_base64="i3V+Hv5zU7q3mZ39kUdT/gvBnUk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buouveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDqxY2M</latexit>

z1
<latexit sha1_base64="Ob3+IEXFhF5uWyRIGKNYQ89lNRY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEPZo2k</latexit>

z2
<latexit sha1_base64="Fu4lKsOvcUZQwXaZucoF3UmwwIs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindece8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEQ6o2l</latexit>

x3
<latexit sha1_base64="Vl7UISARgEOzg4Vrel1lEQ2OY8c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPvvFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3zqnt3Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcPYo2k</latexit>

w1,2
<latexit sha1_base64="kHUrTxNuy7x9cWde1EAKYiYwcOw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY9OIxgnlAEsLsZDYZMju7zvQqYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpexzHvBvSgRKBYBSt1Hrqpd4ZqUx6xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOrt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmz5O+0JyhHFtCmRb2VsKGVFOGNqKCDcFbfHmZNCpl77zs3l2UqtdZHHk4gmM4BQ8uoQq3UIM6MJDwDK/w5jw4L8678zFvzTnZzCH8gfP5AwLEj0k=</latexit>

w2,3
<latexit sha1_base64="z+tvlBifhrFUzFYgY5ChOb/LRcM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8SNhNBD0GvXiMYB6QLGF2MkmGzM6uM71KWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWaj110/I5qUy6haJbcmcgy8TLSBEy1LqFr04vYknIFTJJjWl7box+SjUKJvkk30kMjykb0QFvW6poyI2fzu6dkFOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqK8DcFbfHmZNMolr1Jy7y6K1essjhwcwwmcgQeXUIVbqEEdGEh4hld4cx6cF+fd+Zi3rjjZzBH8gfP5AwXRj0s=</latexit>

L(a,y)
<latexit sha1_base64="7mhbgnkz2qOlabiyVwMBPtkbT9k=">AAACDHicbZDLSsNAFIYn9VbrrerSzdAiVJSS6EKXRTcuXFSwF2hCmUwn7dDJJMxMhBDyAG5c+R5uXCji1gdw17dxklbQ1h8GPv5zDnPO74aMSmWaE6OwtLyyulZcL21sbm3vlHf32jKIBCYtHLBAdF0kCaOctBRVjHRDQZDvMtJxx1dZvXNPhKQBv1NxSBwfDTn1KEZKW/1y1faRGmHEkpu0lrPrJSg9gT8cp0e6y6ybueAiWDOoNir28dOkETf75S97EODIJ1xhhqTsWWaonAQJRTEjacmOJAkRHqMh6WnkyCfSSfJjUnionQH0AqEfVzB3f08kyJcy9l3dma0o52uZ+V+tFynvwkkoDyNFOJ5+5EUMqgBmycABFQQrFmtAWFC9K8QjJBBWOr+SDsGaP3kR2qd166xu3uo0LsFURXAAKqAGLHAOGuAaNEELYPAAnsEreDMejRfj3fiYthaM2cw++CPj8xsKjJ6T</latexit>

<latexit sha1_base64="ZSuHgv8DHM1kmAmw4o0v59RZNec="></latexit>

W 2 Rk⇥m

X 2 Rn⇥m

A 2 Rn⇥h

Y 2 Rn⇥h
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Softmax Regression Code Example

1. Logistic Regression as an Artificial Neuron

2. Negative Log-Likelihood Loss

3. Logistic Regression Learning Rule

4. Logits and Cross Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. OneHot Encoding and Multi-category Cross Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example
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Softmax Regression Hands-On Example (Iris)

https://github.com/rasbt/stat453-deep-learning-ss21/blob/
master/L08/code/softmax-regression_scratch.ipynb

"From scratch" implementation & PyTorch autodiff implementation

https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L08/code/softmax-regression_scratch.ipynb
https://github.com/rasbt/stat453-deep-learning-ss21/blob/master/L08/code/softmax-regression_scratch.ipynb
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Softmax Regression Hands-On (MNIST)

https://github.com/rasbt/stat453-deep-
learning-ss21/blob/master/L08/code/

softmax-regression-mnist.ipynb

Using PyTorch (with autodiff an nn.Module)

https://github.com/rasbt/stat453-deep-learning-ss20/blob/master/L08/code/softmax-regression-mnist.ipynb
https://github.com/rasbt/stat453-deep-learning-ss20/blob/master/L08/code/softmax-regression-mnist.ipynb
https://github.com/rasbt/stat453-deep-learning-ss20/blob/master/L08/code/softmax-regression-mnist.ipynb
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PyTorch Loss-Input Confusion (Cheatsheet)

• torch.nn.functional.binary_cross_entropy takes logistic 
sigmoid values as inputs


• torch.nn.functional.binary_cross_entropy_with_logits takes 
logits as inputs


• torch.nn.functional.cross_entropy takes logits as inputs 
(performs log_softmax internally)


• torch.nn.functional.nll_loss is like cross_entropy but takes 
log-probabilities (log-softmax) values as inputs


